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"If one asks what, irrespetive of quantum mehanis, is harateristi of the world of
ideas of physis, one is rst of all struk by the following: the onepts of physis relate
to a real outside world." - Einstein
"It is wrong to think that the task of physis is to nd out how Nature is. Physis
onerns what we an say about Nature." - Bohr
"I think there are professional problems... When I look at quantum mehanis I see that
it's a dirty theory... You have a theory whih is fundamentally ambiguous." - Bell
"How wonderful that we have met with a paradox. Now we have some hope of making
progress." - Bohr
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Abstrat
In reent deades there has been a resurge of interest in the foundations of quantum the-
ory, partly motivated by new experimental tehniques, partly by the emerging eld of
quantum information siene. Old questions, asked sine the seminal artile by Einstein,
Podolsky and Rosen (EPR), are being revisited. The work of John Bell has hanged the
diretion of investigation by reognising that those fundamental philosophial questions
an have, after all, input from experiment. Abner Shimony has aptly termed this new
eld of enquiry experimental metaphysis. The objetive of this Thesis is to ontribute
to that body of researh, by formalising old onepts, proposing new ones, and nding
new results in well-studied areas. Without losing from sight that the appeal of exper-
imental metaphysis omes from the adjetive, every major result is followed by lear
experimental proposals with detailed analysis of feasibility for quantum-atom optial
setups.
After setting the appropriate terminology and the basi onepts, we will start by
analysing the original argument of Einstein, Podolsky and Rosen. We propose a general
mathematial form for the assumptions behind the EPR argument, namely those of loal
ausality and ompleteness. That formalisation entails what was termed a Loal Hidden
State model by Wiseman et al., whih was proposed as a formalisation of the onept of
steering rst introdued by Shrödinger in a reply to the EPR paper. Violation of any
onsequenes that an be derived from the assumption of that model therefore implies
a demonstration of the EPR paradox. We will show how one an then re-derive the
well-known EPR-Reid riterion for ontinuous-variables orrelations, and derive new
ones appliable to the spin setting onsidered by Bohm.
The spin set-up of the EPR-Bohm paradox was used by Bell to derive his now famous
theorem demonstrating the inompatibility of the assumption of loal ausality and the
preditions of quantum mehanis. The inequalities whih bear his name an be derived
for any number of disrete outomes, but so far there has been no derivation whih
an be diretly applied to the ontinuous-variables ase of the original EPR paradox.
We lose the irle by deriving a lass of inequalities whih make no expliit mention
about the number of outomes of the experiments involved, and an therefore be used
in ontinuous-variables measurements with no need for binning the ontinuous results
viii
into disrete ones. Apart from that intrinsi interest, these inequalities ould prove
important as a means to perform an unambiguous test of Bell inequalities sine optial
homodyne detetion an be performed with high detetion eieny. The tehnique,
whih is based on a simple variane inequality, an also be used to re-derive a large lass
of well-known Bell-type inequalities and at the same time nd their quantum bound,
making expliit from a formal point of view that the non-ommutativity of the loal
operators is at the heart of the quantum violations.
Finally, we address the issue of marosopi superpositions originally sparked by the
infamous "at paradox" of Shrödinger. We onsider marosopi, mesosopi and
`S -sopi' quantum superpositions of eigenstates of an observable, and develop some
signatures for their existene. We dene the extent, or size S of a (pure-state) su-
perposition, with respet to an observable X, as being the maximum dierene in the
outomes of X predited by that superposition. Suh superpositions are referred to
as generalised S -sopi superpositions to distinguish them from the extreme superpo-
sitions that superpose only the two states that have a dierene S in their predition
for the observable. We also onsider generalised S -sopi superpositions of oherent
states. We explore the onstraints that are plaed on the statistis if we suppose a
system to be desribed by mixtures of superpositions that are restrited in size. In this
way we arrive at experimental riteria that are suient to dedue the existene of a
generalised S -sopi superposition. The signatures developed are useful where one is
able to demonstrate a degree of squeezing.
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Chapter 1
Introdution
In a reent book by Lee Smolin, that author proposed a list of the 5 greatest problems
in ontemporary physis. In seond plae, just after the problem of quantum gravity,
were the foundational problems of quantum mehanis. Below this were the problems
of uniation of partiles and fores, of explaining the free onstants of the standard
model and the problem of dark matter and dark energy.
The prominent position may sound quaint for those who have been taught that the prob-
lems in the quantum foundations were all solved many years ago by Bohr, Heisenberg,
von Neumann and the other founders of the theory. That impression is espeially un-
derstandable given the enormous empirial suess of the theory. However, a large part
of the ommunity is starting to reognise that the problems that Einstein, Shrödinger
and others have raised sine the theory's beginnings are as relevant and urgent as ever.
Two reasons may be advaned as prime ontributors to this inreased interest in the
quantum foundations. Firstly, the emergene of the eld of quantum information and
omputation, whih aims to harness the quantum nature of the world for previously
impossible tasks, has raised physiists' awareness for the foundational problems by
exposing a larger audiene to the bizarre nature of quantum phenomena.
Seondly, some theorists suh as Smolin are starting to suspet that the failures to nd
a quantum theory of gravity may be related to our failure of understanding quantum
mehanis. Suess in the rst of the above problems, to those authors, will have to
ome hand in hand with suess in the seond.
This does not at all mean that these authors advoate a return to Einstein's dream of a
loal and realist theory. Sine Bell's famous 1964 theorem, and the many experiments
that onrm violation of Bell inequalities, we know this is a hopeless goal
1
. But fol-
lowing the quote from the same Bell on page ii, there are professional problems with
1
Although, stritly speaking, there are some open loopholes in all violations of Bell's inequalities
1
2 Introdution
quantum mehanis. Those like Bell who point out the ontraditions within the theory,
most notably those arising out of the so-alled measurement problem, are not merely
indiating that quantum theory is not loally realisti  no-one was more aware of that
than Bell! Those theorists are pointing out that we ought to have a oherent piture
of the whole of reality, not just of experimentalists' laboratory ddlings, even if that
piture turns out to be quite distint from any lassial one.
The return to a more professional attitude, in my opinion, will have to inlude a more
areful attention to philosophial issues. Philosophers have sine long battled with
the oneptual quandaries whih quantum mehanis fores us to fae. A professional
attitude towards the quantum questions annot avoid using terms suh as ontology and
epistemology. Even if Bohr is right and quantum mehanis regards not Nature herself,
but regards what we an say (and therefore what we an know) about Nature, we
should be able to say learly what we in this sentene means, and we should be able to
understand how our knowledge seems to follow well-dened physial laws.
The present situation with quantummehanis ould be ompared to the situation of the
Speial Theory of Relativity before Einstein interpreted the Lorentz transformations.
Eintein's revolution was one of interpretation, and it lead to a revolution in how we
would ome to understand and use the theory of relativity. It is also interesting to
onjeture about what would happen with the General Theory if the rst breakthrough
of interpretation ahieved by the Speial Theory were not laid down. With historial
hindsight it is easy to see the value of Einstein's interpretational leap. However, before
1905 it was unthinkable that the solution to the problem of the eletrodynamis of
moving bodies would lead to suh a deep restruturing of our basi fundamental notions
about spae and time.
Similarly, one ould argue that we are in a similar pre-revolutionary phase with respet
to quantum mehanis (not neessarily in the sense that the revolutionary leap is im-
minent, but that it is yet to ome). And pointing out the urrent empirial suesses of
the theory is even more of a reason to pursue its foundational problems. If the present
quagmire of postulates and quantisation rules is so suessful, one an only dream of
what we ould ahieve with a satisfatory understanding.
[CS78, Gis07℄. It seems unlikely that loal realism will be restored when those loopholes are losed, but
it is of fundamental importane to be able to settle the issue one and for all. We will have something
to say about that in Chapter 4.
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1.1 Experimental Metaphysis
To understand the soure of the onits in the foundations of Quantum Mehanis, it
is essential to know where and how our lassial models and intuitions start to fail to
desribe a quantum world. This is the subjet of experimental metaphysis. The term
was originally oined by Abner Shimony [Shi89℄ to desribe the new area of enquiry
opened by Bell in 1964 when he reognised the existene of experimentally testable
impliations that ould be derived from some general metaphysial assumptions 
namely, those that go under the rubri of loal realism
2
. For the rst time, it was learly
reognised that very general philosophial theses ould have input from experiment.
At the time of Bell those questions were not part of the onerns of most physiists, but
today we have learned to pereive the nonloality evidened by Bell as a resoure. The
elds of quantum information and omputation rely on these ounter-intuitive features
of Quantum Mehanis for speeding up omputational tasks or ahieving results 
suh as unonditionally seure quantum ryptography  impossible to ahieve before.
It therefore beomes an important task to map those resoures and reognise how
exatly they are distint from lassial resoures. This is another problem towards
whih Experimental Metaphysis an ontribute.
The purpose of this thesis is to ontribute to that body of researh, by formalising old
onepts, proposing new ones, and nding new results in well-studied areas. Without
losing from sight that the appeal of experimental metaphysis omes from the adjetive,
every major result is followed by lear experimental proposals with detailed analysis of
feasibility for quantum-atom optial setups.
1.2 Outline of the Thesis
In Chapter 2 we set up the appropriate terminology and the basi onepts. Most of
it will be simply areful denitions of standard onepts, but some denitions may be
new and some results and onsequenes may not have been fully appreiated before. In
partiular, I present a new result on a relation between signal loality and the irreduible
unpreditability of Nature.
Chapter 3 is related to publiations 4 and 6 of the List of Publiations. In that hapter,
we analyse the original argument of Einstein, Podolsky and Rosen (EPR) [EPR35℄, and
propose a general mathematial form for the assumptions behind that argument, namely
those of loal ausality and ompleteness of quantum theory. That will entail what was
2
To use standard terminology. A more areful nomenlature will be introdued in Chapter 2.
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termed a Loal Hidden State model by Wiseman et al. [WJD07℄, whih was proposed
as a formalisation of the onept of steering rst introdued by Shrödinger [Sh35℄ in
a reply to the EPR paper. Violation of any onsequenes that an be derived from
the assumption of that model therefore implies a demonstration of the EPR paradox.
We will show how one an then re-derive the well-known EPR-Reid riterion [Rei89℄
for ontinuous-variables orrelations, and derive new ones appliable to the spin setting
onsidered by Bohm [Boh51℄.
The spin set-up of the EPR-Bohm paradox was used by Bell [Bel64℄ to derive his now
famous theorem demonstrating the inompatibility of the assumption of loal ausality
and the preditions of quantum mehanis. The inequalities whih bear his name an
be derived for any number of disrete outomes, but so far there has been no deriva-
tion whih an be diretly applied to the ontinuous-variables ase of the original EPR
paradox. In Chapter 4, related to publiation 3, we lose the irle by deriving a lass
of inequalities whih make no expliit mention about the number of outomes of the
experiments involved, and an therefore be used in ontinuous-variables measurements
with no need for binning the ontinuous results into disrete ones. Apart from that
intrinsi interest, these inequalities ould prove important as a means to perform an
unambiguous test of Bell inequalities whih does not suer from the logial loopholes
[CS78, Gis07℄ that plague all experimental demonstrations so far, sine optial homo-
dyne detetion an be performed with high detetion eieny. The tehnique, whih
is based on a simple variane inequality, an also be used to re-derive a large lass
of well-known Bell-type inequalities and at the same time nd their quantum bound,
making expliit from a formal point of view that the non-ommutativity of the loal
operators is at the heart of the quantum violations.
Finally, in Chapter 5, related to publiations 1, 2, 4 and 5, we address the issue of maro-
sopi superpositions originally sparked by the infamous "at paradox" of Shrödinger
[Sh35℄, presented in the same seminal paper where he oined the terms entanglement
and steering. We onsider marosopi, mesosopi and `S -sopi' quantum superposi-
tions of eigenstates of an observable, and develop some signatures for their existene.
We dene the extent, or size S of a (pure-state) superposition, with respet to an ob-
servable X, as being the maximum dierene in the outomes of X predited by that
superposition. Suh superpositions are referred to as generalised S -sopi superposi-
tions to distinguish them from the extreme superpositions that superpose only the two
states that have a dierene S in their predition for the observable. We also onsider
generalised S -sopi superpositions of oherent states. We explore the onstraints that
are plaed on the statistis if we suppose a system to be desribed by mixtures of su-
perpositions that are restrited in size. In this way we arrive at experimental riteria
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that are suient to dedue the existene of a generalised S -sopi superposition. The
signatures developed are useful where one is able to demonstrate a degree of squeezing.
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Chapter 2
Conepts of Experimental Metaphysis
In June 2007, in a onferene on Quantum Foundations in the harming little town of
Växjö, Sweden, dediated to the 80
th
anniversary of the Copenhagen Interpretation, I
have notied an unexpetedly large number of debates about what experimental viola-
tions of Bell inequalities prove. I was denitely expeting debates about, say, how to
make sense of a world where Bell inequalities are violated, but not as muh about what
they mean in the rst plae. It beame lear to me that the reason behind many of the
disagreements (though I wouldn't say all of them) was the lak of ommon ground in
denitions of terms suh as loality or realism and in the distintion between models
and the phenomena they predit.
Loal realism is the ath-all term that is usually employed to represent the set of as-
sumptions whih Bell's theorem shows to be inompatible with the quantum mehanial
preditions and (up to some open loopholes) violated by Nature. Even though the nal
mathematial form of the onstraints imposed by loal realism is quite unontroversial,
there are numerous authors who debate what exatly the underlying assumptions or-
respond to and what features of our world view must be modied to aommodate the
violation of Bell inequalities. See for example the olletion of papers edited by J. T.
Cushing and E. MMullin in [CM89℄ and the book of Tim Maudlin [Mau94℄ for some
in-depth disussion of these issues. I won't attempt to go as deeply into the myriad
questions that an be addressed in the philosophial surroundings of Bell's theorem.
My main purpose is to establish as learly as possible the terminology I will use.
That said, in this hapter I will introdue some new usage of terms and some impli-
ations whih may not have been fully reognised before. While some of it will be my
own work, muh of my urrent understanding of these onepts is due to insights gained
from disussions with Howard Wiseman, to whom I am grateful. The presentation style
and most denitions were inuened by notes from that author.
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The most important new result of my own will be an interesting onnetion between
the assumption of signal loality, or no-faster-than-light-signalling, and the notion of
preditabilty. I will show that the assumption of signal loality  whih must be satised
if one assumes relativisti invariane  together with the experimental observation of
violation of Bell inequalities, lead to the onlusion that Nature is irreduibly unpre-
ditable, quite independently of anything from the formalism of quantum mehanis.
This establishes a deep onnetion between two of the main puzzles of quantum me-
hanis: Bell-nonloality and the Unertainty Priniple.
2.1 The Minimal Realist-Relativisti Framework
Many of the debates around the meaning of the Bell theorem regard the status of the
word `realism' in `loal realism'. In a reent analysis, Norsen [Nor07a℄ has argued that
there's no suh assumption among those that go into a derivation of a Bell inequality,
or at least that any suh assumption is so fundamental that no sienti theory an
be built without it. I would not go as far as saying that there's no suh assumption,
although I agree with that author that there are misoneptions around the term (and
I will try to lear some of them here) and that it is important to reognise that the
assumption of realism is part of an underlying framework without whih Bell's onept
of loal ausality annot even be expressed. It is not possible, as we will disuss in
more detail, to maintain loal ausality while rejeting realism. There are, however,
other possible usages of the word `loality' whih are possible to be maintained even
in light of Bell's theorem, most notably the onept of no faster-than-light signalling
or signal loality. However, those are emphatially not the loal ausality of Bell
1
, and
one does not need to rejet realism to keep signal loality.
So let us attempt to understand what `realism' in `loal realism' an possibly mean.
What better soure for that than the most notable supporter of realism in the 20
th
entury? Einstein's onept of Reality is learly expressed in the following passage:
"If one asks what, irrespetive of quantum mehanis, is harateristi of
the world of ideas of physis, one is rst of all struk by the following: the
onepts of physis relate to a real outside world... It is further harateristi
of these physial objets that they are thought of as arranged in a spae-time
ontinuum. An essential aspet of this arrangement of things in physis is
that they lay laim, at a ertain time, to an existene independent of one
1
Besides, the onept of signalling is not entirely without oneptual diulties as we'll see later in
this hapter.
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another, provided these objets `are situated in dierent parts of spae'."
([Bor71℄, pg. 168)
I will enapsulate in the following axiom a weakened form of the onept of Reality
expressed by Einstein in the above quote.
Axiom 1 (Reality): Events our independently of observers or frames of
referene.
That is, this is the assumption that the very fat that events our is something in-
dependent of observers or referene frames. A pebble being splashed by water on a
deserted beah, a photo-detetor signalling the arrival of a photon, the Big Bang, Ax-
iom 1 states that the reality of those events is independent of anyone's desription or
observation.
That's not to say that dierent observers an't give dierent aounts about where or
when those events ourred; it's just that they will all agree, if Axiom 1 is true, that
they in fat ourred
2
. That does not mean, of ourse, that all physial quantities are
independent of observers or referene frames  some physial quantities suh as veloity
are patently relative in that way.
Axiom 1 does not neessarily imply that there are hidden variables underlying quantum
properties either; one ould regard the interations between quantum systems and their
evolutions before measurement simply as not orresponding to bona-de `events' in the
above sense (maybe `virtual events' would be an appropriate term for suh interations,
if they are regarded simply as mathematial devies). In fat this seems to be an au-
rate representation of the view most ommonly espoused by physiists in the orthodox
amp, learly expressed in Wheeler's famous maxim No phenomenon is a phenomenon
until it is an observed phenomenon or by Peres' Unperformed experiments have no re-
sults [Per78℄. Neither does this axiom imply that all events are human-sale observable
events; it is important to allow for the possibility that a theory will make laims about
some events even if we an't diretly know them. We need to emphasise, however, that
one an oneive of frameworks in whih this axiom does not hold, and I will return to
this point in 2.6.3.
The other important assumption in Einstein's onept is that "these physial objets
(...) are thought of as arranged in a spae-time ontinuum", whih I represent in the
following axiom.
2
This is atually not a suient ondition. It is possible that no observers disagree about the
reality of events, and yet Axiom 1 to be false. This would only require that observers only be able to
ommuniate with just those observers who would agree with them.
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Axiom 2 (Spae-time): All events an be embedded as points in a single
relativisti spae-time, where the onepts of spae-like separation, light
ones, and other standard relativisti onepts an be applied unambigu-
ously.
The onjuntion of Axioms 1 and 2 onstitute what I will all a Minimal Realist-
Relativisti Framework (MRRF). All of the subsequent notions and theorems will as-
sume this framework.
While the above was stated as an ontologial framework (i.e., as assumptions about how
the world is), one an re-frame it as an epistemologial framework (i.e., as assumptions
about what one an know). So Axiom 1 ould be rephrased as saying that all observers
agree about whih events they see and Axiom 2 as stating that all observers an desribe
those events onsistently as orresponding to points in a single spae-time. Any meta-
physial realist (one who believes that there exists a world independent of observers)
would take the fat that all observers agree about whih events our as evidene that
they really our, independently of any observers. However, even a metaphysial anti-
realist (one who does not believe that there exists a world independent of observers)
ould aept those axioms in this weaker epistemi form, and that's the reason I inlude
them here  so that anti-realists don't feel ompletely seure against the onsequenes
of Bell's theorem.
2.2 Causation and Bell's loal ausality
Maybe surprisingly to most physiists, ausation is a problemati onept in philosophy
even for reasons independent of Bell. I won't delve into those diulties here
3
, but will
stik to the onepts whih are relevant for the urrent purposes.
That Bell takes his theorem as implying a onit between quantum mehanis and
relativity is evident in the following
4
:
"For me then this is the real problem with quantum theory: the apparently
essential onit between any sharp formulation and fundamental relativity.
That is to say, we have an apparent inompatibility, at the deepest level,
between the two fundamental pillars of ontemporary theory..." ([Bel87℄, pg.
172)
3
For a thorough philosophial treatment of ausation see [Dow00℄.
4
For a more in-depth analysis of Bell's onept than I will present here, see [Nor07b℄.
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Figure 2.1: "Spae-time loation of auses and eets of events in region 1." (reprodued
with permission from [Bel87℄, pg. 239. Copyright Cambridge University Press. )
We will ome soon to a derivation of this "essential onit". But for that we need to
understand the onept of loal ausality Bell takes relativity to imply. In "La nouvelle
uisine", Bell starts with an amusing quote from H.B.G. Casimir:
"I want to boil and egg. I put the egg into boiling water and I set an
alarm for ve minutes. Five minutes later the alarm rings and the egg
is done. Now the alarm lok has been running aording to the laws of
lassial mehanis uninuened by what happened to the egg. And the egg
is oagulating aording to laws of physial hemistry and is uninuened by
the running of the lok. Yet the oinidene of these two unrelated ausal
happenings is meaningful, beause, I, the great hef, imposed a struture in
my kithen." ([Bel87℄, pg. 232)
This passage is to illustrate a priniple that has always been a hallmark of the sienti
enterprise: whenever orrelations between events our, either one event auses the
other or they share a ommon ause. This is known in philosophy of siene as the
priniple of ommon ause, whih was rst formulated in a lear manner by Hans
Reihenbah [Arn05℄. Bell is thinking along very similar lines when he desribes the
relativisti priniple of loal ausality as (with referene to Figure 2.1):
"The diret auses (and eets) of events are near by, and even the indiret
auses (and eets) are no further away than permitted by the veloity of
light. Thus for events in a spae-time region 1 (...) we would look for auses
in the bakward light one, and for eets in the future light one. In a
region like 2, spae-like separated from 1, we would seek neither auses nor
eets of events in 1. Of ourse this does not mean that events in 1 and
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Figure 2.2: "Full speiation of what happens in 3 makes events in 2 irrelevant for pre-
ditions about 1 in a loally ausal theory." (reprodued with permission from [Bel87℄,
pg. 240. Copyright Cambridge University Press.)
2 might not be orrelated, as are the ringing of Professor Casimir's alarm
and the readiness of his egg. They are two separate results of his previous
ations." ([Bel87℄, pg. 239)
The above priniple, Bell admits, "is not yet suiently sharp and lean for mathe-
matis." He then onsiders the following as an impliation of the priniple above (with
referene to Figure 2.2):
"A theory will be said to be loally ausal if the probabilities attahed to
values of loal beables in a spae-time region 1 are unaltered by speiation
of values of loal beables in a spae-like separated region 2, when what
happens in the bakward light one of 1 is already suiently speied, for
example by a full speiation of loal beables in a spae-time region 3..."
([Bel87℄, pg. 239)
The onept of "beable" was invented by Bell to ontrast with the notion of "observable"
that is fundamental in orthodox quantum mehanis:
"The beables of the theory are those elements whih might orrespond to
elements of reality, to things whih exist. Their existene does not depend
on `observation'. Indeed observation and observers must be made out of
beables." ([Bel87℄, pg. 174)
The above and the speiation in Bell's formulation of loal ausality that the rele-
vant beables are "loal beables" are evidene that what he means by `loal beables'
is preisely what I meant by `events' in the previous setion. I will stik to the latter
terminology as it seems very non-problemati and familiar to physiists, who enounter
the term with preisely this meaning in any undergraduate ourse in relativity.
We are now ready to formulate the priniple mathematially:
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Denition 1 (Loal ausality): A theory will be said to be loally ausal
i for every pair of events E1, E2 respetively ontained in spae-like
separated regions 1 and 2, the probability, posited by the theory, of o-
urrene of event E1 is independent of E2, given the speiation of some
suient set of events Ep1 in the past light one of 1, i.e.,
P (E1|E2, Ep1) = P (E1|Ep1). (2.1)
It's important to emphasise the need only for a suient set of events (and not nees-
sarily the full speiation of all events in the past light one), for a reason whih will
be lear in the next setion. What ounts as a suient set of events will, of ourse,
depend on the theory. The set of events in region 3 of Figure 2.2 would be suient in
a theory where all ausal hains are ontinuous. However, one an envisage theories in
whih that does not our
5
. This matter will not be too important for Bell's theorem
as the purpose of that will be to show that no suh set an exist anywhere in the past
light one of E1 and therefore that Loal Causality fails.
2.3 Other general denitions
The previous Axioms and denitions were quite independent of any partiular setup.
To derive spei onsequenes of loal ausality we need to introdue some onrete
experimental situation. The most ommon setting used in disussions of Bell's theorem
is onstituted by two parties, traditionally alled Alie and Bob, and this is the sheme
of Figure 2.3. The denitions and theorems of this hapter will make use of that ase
only, but most of them ould be generalised in an obvious way for arbitrary parties.
• Alie and Bob are two spatially separated observers who an perform a number
of measurements and observe their outomes.
• For eah pair of systems they perform measurements upon, the hoies of measure-
ment settings and their respetive outomes our in regions whih are spae-like
separated from eah other, so that no signal travelling at a speed less than or
equal to that of light ould onnet any two of them;
5
For example, if a theory (as is the ase in orthodox quantum theory) onsiders as bona-de events
the preparation of a quantum system in a region R and the outomes of measurements done on that
system in a region 1 in the future light one of R, but regards the intermediate evolution of the system
as not orresponding to events in the sense of Axiom 1, one ould setup a ase in whih the set of
events in region 3 of Figure 2.2 would not be suient to sreen o events in 1 from events in 2 even
in the absene of entanglement. That, however, should arguably not be onsidered as a failure of loal
ausality.
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Figure 2.3: The bipartite experimental setup used for disussion of the onepts of this
hapter. (reprodued with permission from [Bel87℄, pg. 242. Copyright Cambridge
University Press.)
• For eah pair of systems, we will denote by a and b Alie's and Bob's respetive
measurement settings, and by A and B their orresponding observed outomes.
• Eah pair of systems is prepared by an agreed-upon reproduible proedure c.
The events orresponding to this preparation proedure are neessarily in the
intersetion of the past light ones of the measurements yielding A and B;
• a, b, A, B and c represent events in the sense of the MRRF;
• λ represents any further variables (in addition to a, b and c) that may be relevant
to the outomes of the measurements onsidered, that is, onditioned upon whih
the probabilities of the experimental outomes may be further speied. They
are not fully determined by the preparation proedure c, and as suh may be
deemed "hidden variables". They are neessarily not known in advane, sine
any knowledge of additional variables ould be assimilated into the preparation
c. Conversely, if some of the variables assoiated with the preparation proedure
are unknown, they must be assimilated into λ. In other words, the distintion
between c and λ is merely epistemi, i.e., c represents the set of known relevant
variables and λ represents the set of unknown (but not neessarily unknowable)
relevant variables. Stritly speaking λ desribes a set of events in the union of
the past light ones of the experiments as needed by Denition 1. However, one
an also think of them as physial variables whih are speied by those events;
• When an equation involving variables appears, it is to be understood that the
equality holds for all values of those variables.
We an now speify the third axiom needed for Bell's theorem.
Axiom 3 (External Conditionalisation, or Free will, orNo bakwards-
ausality): The hoies of experiment a, b, an be onditioned on free
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variables unorrelated with λ, suh that knowledge of those hoies does
not provide any further information about the hidden variables, i.e., it
does not hange their probability distribution. Formally,
P (λ|a, b, c) = P (λ|c). (2.2)
In other words, the hoies an be freely made, independently of any relevant variables
that inuene the outomes of the measurements under study. This is a fundamental
requirement of any theory in whih it is possible to separate the world into the system of
interest and the rest of the world, where the rest of the world an be ignored as irrelevant
to the evolution of the system. Some people may piture that as an allowane for the
experimenters to make those hoies at their own free will. This piture introdues
the inonveniene of requiring us to explain what we mean by "free will", whih is
ompletely besides the point. Even if the world is ompletely deterministi and human
free will is an illusion, External Conditionalisation would be an almost unavoidable
assumption of any physial theory.
To make that lear, one an imagine that those hoies are made by pointing photo-
detetors at opposite parts of the sky and deiding based on utuations of the osmi
mirowave bakground radiation; or that they depend on the output of a pseudo-random
number generator; or that they are deided at the whim of an experimentalist; or by
some further random quantum proess, say, a measurement on a (presumably) unorre-
lated spin-1/2 partile; or by any ombination of those proesses. This is where we see
the importane of being lear about the need for the speiation of only a suient
set of events Ep1 in the Denition 1. Of ourse the hoies of experiment will depend on
some events in the past light one of the events under study, but a "superdeterminis-
ti" theory would be needed to entertain the possibility that the fators on whih those
hoies depend an inuene the evolution of the system under study. In suh theory,
any possible variable whih one hooses to onditionalise the hoies of experiment on
would be statistially orrelated with the set of hidden variables whih are relevant to
the experiments of Alie and Bob. And they would need to be onspiratorially or-
related in suh a way as to fool us into believing that loal ausality is violated by
the orrelations between those experiments while in reality the world is stritly loally
ausal.
That said, a possible way in whih equation (2.2) ould be violated is by way of
bakwards-in-time ausality or retroausality. Some authors [Pri96℄ have laimed that
in fat suh bakwards ausality should be expeted from the fat that fundamental
physis is (mostly) time-symmetri, and ould be the soure of quantum nonloality.
This view, however, is far from being generally aepted.
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Denition 2: A phenomenon is dened, for a given preparation proedure
c, by the relative frequenies
f(A,B|a, b, c). (2.3)
for all measurements a, b, and orresponding outomes A, B.
The use of frequenies in that denition, instead of probabilities, is motivated by the fat
that it is rather unontroversial that frequenies are the things we observe, at least to
an arbitrarily good approximation. Whether or not frequenies diretly orrespond to
probabilities will depend on one's interpretation of probabilities. Here we will make the
distintion between the observable frequenies (the phenomenon) and the probabilities
whih are employed to predit or explain the phenomenon (the model). In general,
models an make use of unobserved or even unobservable variables. Nevertheless, those
variables an be taken to have an existene independent of observers, i.e., they an be
taken to have an ontologial status. Thus one an refer to suh models as ontologial
models. The following is the most general kind of ontologial model for the phenomena
under onsideration, in whih the observed phenomena an be explained as arising out
of our ignorane of underlying variables, where our ignorane is aounted for with
standard probability theory, and where Axiom 3 holds.
Denition 3: An ontologial model (or model in short) for a phe-
nomenon onsists of the set Λ of values of λ, together with a probability
distribution P (λ|c) for every preparation proedure c and a speiation
of
P (A,B|a, b, c, λ) (2.4)
whih predits the phenomenon
∑
λ∈Λ
P (λ|c)P (A,B|a, b, c, λ) = f(A,B|a, b, c). (2.5)
Nothing in the following disussions hangs on whether the λ are disrete or ontinuous,
so for simpliity I use disrete hidden variables. The above denition an be extended
to a ontinuous set of hidden variables in the standard way.
Denition 4: An operational theory (OT) is the lass of trivial mod-
els, i.e., the lass of models for whih
P (A,B, |a, b, c, λ) = f(A,B|a, b, c). (2.6)
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That is, in operational theories no hidden variables further speify the probabilities.
One ould argue that an operational theory ontains no λ's, but this denition, as a
lass of models with trivial dependenes on λ, allows an operational theorist to talk
about the λ's even if they are not operationally meaningful.
Denition 5: A hidden variable model (HVM) is any model that is not
trivial.
We will now determine what the Denition 1 of loal ausality implies to this experi-
mental situation. Sine a and A are spae-like separated from b and B, and the set of
hidden variables ompletely speies all relevant events in the past light one of a, A
and b, B, we obtain
Corollary 1: A model is loally ausal, i.e., a model satises loal
ausality (LC) i
P (A|a, b, B, c, λ) = P (A|a, c, λ), (2.7)
plus the orresponding equations for B.
Denition 6: A model is said to be deterministi, or to satisfy deter-
minism (D), i
P (A,B|a, b, c, λ) ∈ {0, 1}. (2.8)
This implies that A and B are funtions of the variables whih ondition those proba-
bilities, i.e.,
A = A(a, b, c, λ), B = B(a, b, c, λ). (2.9)
Denition 7: A model is said to be preditable, or to satisfy pre-
ditability (P) i
P (A,B|a, b, c, λ) = P (A,B|a, b, c) ∈ {0, 1}. (2.10)
That is, a model is preditable i it is trivial and deterministi. This implies that A
and B are funtions of
A = A(a, b, c), B = B(a, b, c). (2.11)
This denition is motivated by the fat that the variables represented by c are known.
The former denition (determinism) is ontologial (about how the world is), while this
denition (preditability) is epistemi (about what one an know).
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Denition 8: A phenomenon Φ1 assoiated with preparation c1 is said to be
irreduibly unpreditable, or to satisfy irreduible unpreditabil-
ity (IU) i it has no preditable models and there is no phenomenon Φ2
assoiated with a preparation c2 = c1 ∪ c′ (for all c′) whih has a pre-
ditable model and suh that the frequenies f1 of Φ1 are given by
f1(A,B|a, b, c1) =
∑
c′
P (c′|c1)P (A,B|a, b, c1, c′), (2.12)
where P (A,B|a, b, c1, c′) ∈ {0, 1}.
In other words, a phenomenon is irreduibly unpreditable i it has no preditable
model and annot be rendered preditable by knowledge of further variables. The
reason for (2.12) is that the only way in whih an unpreditable phenomenon ould
be rendered preditable without fundamentally hanging the phenomenon would be if
there were a deterministi hidden variable model whih predited the phenomenon, but
for whih the "hidden variables" ould be in priniple known in advane. But if the
hidden variables were known in advane they ould (in fat they should, sine the only
distintion between λ and c, as mentioned before, is that the latter are known) be
inorporated into the preparation variables. That is why I use the notation c′ for those
further knowable variables.
Denition 9: A model is said to satisfy loality (L) i
P (A|a, b, c, λ) = P (A|a, c, λ), (2.13)
plus the orresponding equation for B.
This was preisely the meaning that Bell intended for this term in his original 1964
paper [Bel64℄, although without formal denition. Shimony alled this parameter inde-
pendene ([CM89℄, pg. 25).
Denition 10: A model is said to satisfy outome independene (OI)
i
P (A|a, b, B, c, λ) = P (A|a, b, c, λ), (2.14)
plus the orresponding equation for B.
This onept was introdued by Jarrett [Jar84℄, under the misleading name of om-
pleteness. The present terminology is due to Shimony ([CM89℄, pg. 25). One ould
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also onsider alling it ausality, so that loal ausality would be the onjuntion of
loality and ausality. This hoie would be justied if one takes ausality to be a
weakened form of determinism, in whih the outomes depend (maybe stohastially)
only on the experimental settings, but not on the distant outomes. In other words, in
this view of ausality the eets (the outomes, things whih are not ontrollable) at
Alie's an depend only on the loal or distant auses (the settings, things whih are
ontrollable) but not on the distant eets. This terminology, however, would seem to
rule out a ommon explanation of the quantum orrelations: that the measurement on
Bob's system auses the quantum state to ollapse whih auses the outomes at Alie
to be what they are. This (non-relativistially invariant) ausal piture would violate
outome independene sine the ollapsed quantum state depends on Bob's outome.
Denition 11: A model is said to be loally deterministi, or to satisfy
loal determinism (LD) i it satises loality and determinism.
Denition 12: A model is said to violate p i it laks that property.
Denition 13: An operational theory is said to violate p i all trivial
models violate p.
Denition 14: A phenomenon is said to violate p i all models violate
p.
Denition 15: Nature is said to violate p i a phenomenon violating p
is observed.
2.4 General results
We now present the general results and relations (that is, those whih are not spei
to quantum mehanis) onerning the denitions of the previous setion.
By the denition of onditional probability P (A,B|a, b, c, λ) = P (A|B, a, b, c, λ)P (B|a, b, c, λ).
Using Corollary 1 we arrive at
Theorem 1: Loal ausality is equivalent to fatorisability, i.e.,
P (A,B|a, b, c, λ) = P (A|a, c, λ)P (B|b, c, λ). (2.15)
Jarrett [Jar84℄ showed that:
Theorem 2 (Jarrett 1984a): Loal ausality is the onjuntion of loality
and outome independene.
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The purpose of that deomposition was to argue that outome independene was the
onept to be blamed, while loality was the real onsequene of relativity and therefore
ought to be maintained. We'll return to this important point later.
Theorem 3: Loal ausality is stritly stronger than loality.
That is, every loally ausal model satises loality but not vie-versa. The proof
is simple. Theorem 1 implies the rst statement, and orthodox quantum mehanis
provides an example of a model whih satises loality but violates loal ausality.
Theorem 4: Determinism is stritly stronger than outome independene.
If determinism holds, the outome A is fully determined by (a, b, c, λ). Therefore knowl-
edge of B annot hange the probability of A if (a, b, c, λ) are speied, whih is just the
statement of outome independene. To see the failure of the onverse, just note that
orthodox quantum mehanis for separable states violates determinism but satises
outome independene.
Corollary 2: Loal determinism is stritly stronger than loal ausality.
This follows from the denition of loal determinism and Theorems 2 and 4.
Theorem 5: Preditability is stritly stronger than determinism.
Every preditable model is obviously deterministi, but some deterministi models are
not preditable. A trivial example is that of a deterministi model in whih one does
not know all relevant variables λ (or does not know them preisely enough) but ould
know them in priniple, (e.g. lassial statistial mehanis), but there are models in
whih one annot know all λ even in priniple (e.g. Bohmian mehanis).
Theorem 6: Some phenomena violate preditability.
Sine the distintion between the hidden variables (λ) and the variables that speify
the preparation (c) is an epistemi one, and sine a phenomenon is dened partly by
c, there are trivial examples of unpreditable phenomena  one just needs to ignore
some relevant variables.
This does not imply that there are irreduibly unpreditable phenomena. I'll return to
this question later.
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Theorem 7: No phenomenon violates determinism.
That doesn't mean that no model violates determinism, but that every phenomenon
has a possible model whih satises determinism. To see that, dene λ0 and λ1 by
P (A,B|a, b, c, λ0) = 0 and P (A,B|a, b, c, λ1) = 1. Substituting in (2.5) we obtain
f(A,B|a, b, c) = P (λ1|c), resulting in that every possible frequeny an be modelled
in this form. Of ourse, that leaves open the question of whether there really exist
suh events orresponding to the variables to play the role of λ0 and λ1, so one ould
read Theorem 7 as saying that it is impossible to prove that any phenomenon violates
determinism.
Corollary 3: No phenomenon violates outome independene.
Theorem 8 (Fine 1982): A phenomenon violates loal determinism i it
violates loal ausality.
That is, any phenomenon that has a loally deterministi model has a loally ausal
model and vie versa. This theorem is due originally to Fine [Fin82℄. Note that this
does not mean that all loally ausal models are loally deterministi and vie versa
(whih in fat is false as per Corollary 2).
Proof. Any phenomenon that has a loally deterministi model automatially has a
loally ausal model, sine all LD models are LC. To see the onverse, remember that
if there exists a loally ausal model, the frequenies an be written as
f(A,B|a, b, c) =
∑
λ
PLC(λ|c)PLC(A|a, c, λ)PLC(B|b, c, λ). (2.16)
We now add extra hidden variables for eah of the fators on the right hand side, in a
similar fashion as for the proof of Theorem 7. We deompose
PLC(A|a, c, λ) =
∑
λA
P ′(λA|c, λ)PLD(A|a, c, λA), (2.17)
where PLD(A|a, c, λA) = λA ∈ {0, 1}. With a similar deomposition for B, we obtain
f(A,B|a, b, c) =
∑
λ
PLC(λ|c)PLC(A|a, c, λ)PLC(B|b, c, λ).
=
∑
λ,λA,λB
PLC(λ|c)P ′(λA, λB|c, λ)PLD(A|a, c, λA)PLD(B|b, c, λB)(2.18)
=
∑
λ′
PLD(λ
′|c)PLD(A|a, c, λ′)PLD(B|b, c, λ′),
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where we dene λ′ ≡ (λ, λA, λB) and PLD(λ′|c) ≡ PLC(λ|c)P ′(λA, λB|c, λ), obtaining a
loally deterministi model as desired.
2.4.1 Loal ausality and signalling
Bell was adamant in stressing that his onept of loal ausality was quite distint from
the onept of no faster than light signalling. One of the reasons for Bell's rejetion of
the importane of the onept of signalling was that he understood that it was hard
to talk about signalling without using anthropoentri terms like `information' and
`ontrollability':
"Suppose we are nally obliged to aept the existene of these orrelations
at long range, (...). Can we then signal faster than light? To answer this we
need at least a shemati theory of what we an do, a fragment of a theory
of human beings. Suppose we an ontrol variables like a and b above,
but not those like A and B. I do not quite know what `like' means here,
but suppose the beables somehow fall into two lasses, `ontrollables' and
`unontrollables'. The latter are no use for sending signals, but an be used
for reeption." ([Bel87℄, pg.60)
But he rejets the idea that signal loality be taken as the fundamental
limitation imposed by relativity:
"Do we have to fall bak on `no signalling faster than light' as the expression
of the fundamental ausal struture of ontemporary theoretial physis?
That is hard for me to aept. For one thing we have lost the idea that
orrelations an be explained, or at least this idea awaits reformulation.
More importantly, the `no signalling...' notion rests on onepts whih are
desperately vague, or vaguely appliable. The assertion that `we annot
signal faster than light' immediately provokes the question:
Who do we think we are?
We who an make `measurements', we who an manipulate `external elds',
we who an signal at all, even if not faster than light? Do we inlude
hemists, or only physiists, plants, or only animals, poket alulators, or
only mainframe omputers?" ([Bel87℄, pg.245)
That is one of the reasons I have rst presented the denition of loal ausality in
a general ontext without the operational denitions used from Setion 2.3 onwards.
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In Denition 1 no mention was made of measurements and outomes, but only of
events and spae-time struture. We have then translated the onsequenes of that
into our operational denitions with Corollary 1. But to even start talking about
signalling, we need to have the operational model set up and expliit mention what
are the ontrollable, unontrollable and observable variables within it. This is preisely
why Bell rejets the idea that this is a fundamental notion. I agree with Bell that if
one wants to entertain the idea that signal loality is the fundamental restrition from
relativity, one needs to put fundamental weight on epistemologial terms. However, as
long as one learly understands that, I have no qualms with that position, in fat I
nd it an interesting possibility to pursue, and in this hapter it will lead to a nie new
result.
Given the assumptions that the variables a and b are ontrollable (an assumption, in
fat, already made in Axiom 3) we an formulate the onept of signal loality as follows.
Denition 16: A phenomenon is said to satisfy signal loality (SL) i
f(A|a, b, c) = f(A|a, c), (2.19)
plus the orresponding equation for B.
The reason is straightforward. If the phenomenon violates signal loality, then there
exist at least two possible hoies of setting b, b′ suh that f(A|a, b, c) 6= f(A|a, b′, c).
Therefore by looking at the frequeny of outomes of A in a large enough ensemble
(and in priniple it is always possible for Alie to make all of the measurements in
her ensemble spae-like separated from all measurements in Bob's ensemble), Alie an
determine with arbitrary auray what setting Bob has hosen. Conditionalising this
hoie on a soure of information, Bob an thereby send signals to Alie.
Denition 17: A model is said to satisfy signal loality (SL) i the
phenomena it predits satises SL.
The reason behind Jarrett's preferene for loality (mentioned below Theorem 2) over
outome independene is that Jarrett believed that loality was equivalent to signal
loality. However, that is an unwarranted assumption as argued by Maudlin [Mau94℄.
The main ounter-example is Bohmian mehanis. That theory violates L but not SL.
The reason is that any attempt of ontrolling the distant outome by the loal hoie
of setting is thwarted by an unavoidable lak of knowledge of the hidden variables. On
the other hand, if a model satises L it neessarily satises SL, as an be easily seen by
substituting Eq. (2.13) in (2.5) and summing over B. In other words,
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Theorem 9: :Loality is stritly stronger than signal loality.
While Jarrett's rejetion of models whih violate loality is not well-grounded, his re-
pulse of violations of loality is.
Theorem 10: A phenomenon violates loality i it violates signal loality.
As argued above, if a phenomenon has a model whih satises loality then the phe-
nomena satises signal loality. The onverse is also true: if a phenomenon satises
signal loality then there is a model whih satises loality: one example is the trivial
model that orresponds to that phenomenon.
Theorem 11: If relativisti invariane is assumed, a phenomenon whih
violates signal loality will lead to ontraditions.
Faster than light signalling an lead to paradoxes like the famous "grandfather para-
dox" of time travel  a time traveller goes to the past and kills his grandfather before
his father was born, paradoxially thwarting the possibility of his own existene. Con-
sider a senario in whih signal loality is violated by Alie's and Bob's experimental
apparatuses suh that f(A1|a1, b1, c1) 6= f(A1|a1, b′1, c1). How exatly these frequenies
dier is unimportant, as Alie an always use an arbitrarily large ensemble suh that
f(A′1|b1) ≈ 1 and f(A′1|b′1) ≈ 0, where A′1 is the event whih orresponds to the fre-
queny of the outome A1 within the ensemble being approximately f(A1|a1, b1, c1) and
with good ondene distint from f(A1|a1, b′1, c1). Sine A′1 and the hoie between
b1 and b
′
1 are spae-like separated, there exists a referene frame in whih they our
simultaneously. If relativisti invariane is assumed, then it must be possible to pro-
due, in any referene frame, a similar instantaneous signalling setup (otherwise there
would be a preferred referene frame), and if we assume that there's no preferred spatial
diretion for suh signal transmission (if there were a preferred spatial diretion, that
would also be a violation of the priniple of relativity), we an setup another pair of
boxes where f(B2|a2, b2, c2) 6= f(B2|a′2, b2, c2). The hoie a2/a′2 of Alie's experimental
setting would be onditioned on A′1 (and therefore would be in the future light one
of A′1) and by use of a similar proedure as for the rst setup, Alie and Bob arrange
things suh that f(B′2|A′1) ≈ 1, f(B′2|¬A′1) ≈ 0, where ′¬′ denotes logial negation.
Bob's outome B′2 is arranged to be in the past light one of the hoie between b1 and
b′1, and Bob onditions that hoie suh that he will hoose b
′
1 if the result of measure-
ment 2 is B′2, otherwise he will hoose b1. So we nally obtain the ontraditory set of
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impliations
b1 ⇒ A′1 ⇒ B′2 ⇒ b′1 ⇒ ¬b1
b′1 ⇒ ¬A′1 ⇒ ¬B′2 ⇒ b1 ⇒ ¬b′1. (2.20)
That is, if Bob hooses b1, then he does not hoose b1, If Bob hooses b
′
1, then he
does not hoose b′1. So it is fair to say that relativity seems to exlude the possibility
of violation of signal loality
6
. Bell would say that this is not all it exludes, that
relativity implies not simply signal loality but loal ausality. An interesting question
is therefore whether violation of loal ausality by a phenomenon whih does not violate
signal loality an lead to suh time travel paradoxes. If signal loality is satised, the
above senario annot be set up, and the fat that we have observed violations of loal
ausality (up to some loopholes) seems to point to the fat that no ontraditions an
arise out of that violation (inasmuh as a ontradition annot be atually observed).
However sensible this statement may sound, I an't provide a proof to it. But it is
interesting to mention it as a onjeture.
Conjeture 1: A phenomenon that violates loal ausality but not signal
loality does not lead to ontraditions even if relativisti invariane is
assumed.
Remark 1: Nevertheless, a phenomenon that violates loal ausality is a
non-loal resoure. That is, there are tasks Alie and Bob an do
using this phenomenon that they ould not do if they had aess only to
loally ausal phenomena.
Theorem 12: For a phenomenon to violate loality it is neessary and
suient for the operational theory to violate loality.
This follows diretly from Theorem 10 and the denitions of operational theory and
signal loality.
Theorem 13: For a phenomenon to violate loal ausality it is neessary
but not suient for the operational theory to violate loal ausality.
The neessary part is obvious. We an show insuieny by appealing to a ounter-
example: single partile quantum mehanis restrited to measurements of position.
6
Although there are several attempts to make sense of this kind of paradox in the philosophial
literature about time travel. However, most attempts either violate Axiom 2, by postulating multiple
universes, or Axiom 3, by restriting the possibility of onditionalising the hoies of experiment on
any variables we hoose, thereby bloking the setup of the paradox from the start. If one wants to keep
those axioms, I am not aware of any lean way around the paradox exept enforing signal loality.
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The operational theory violates loal ausality (see Theorem below) but there's a loally
ausal model for the phenomena involved: single-partile Bohmian mehanis.
Remark 2: Thus, unlike loality, to say whether a phenomenon violates
loal ausality it is neessary to onsider hidden variable models.
2.5 Quantum Results
Denition 18: Orthodox quantum theory or operational quantum
theory (OQT) is an operational theory in whih
P (A,B|a, b, c, λ) = Tr[ΠˆA ⊗ ΠˆBρc], (2.21)
where ΠˆA is a projetor onto the subspae orresponding to outome A of
observable aˆ and similarly for B, while ρc is a positive unit-trae operator
assoiated with the preparation c.
Denition 19: A quantum model is a model whose preditions agree
with OQT.
Denition 20: A quantum phenomenon is a phenomenon predited by
OQT.
Theorem 14 (Einstein 1927): OQT violates loal ausality.
This was rst proved by Einstein at the 1927 Solvay onferene [Wi95℄. Consider a
single partile with a position wavefuntion spread out over spae, and onsider a as a
measurement of the partile position in the region around Alie and similarly for Bob.
Then the probability that Alie nds the partile in her region is not independent of
whether Bob nds the partile in his region. And sine in OQT there are no hidden
variables, (2.7) is not satised.
Theorem 15 (Heisenberg 1930): OQT does not violate loality.
This is a well-known result that arises out of the fat that operators orresponding
to measurements in spatially separated regions ommute. In his 1930 book [Hei30℄,
Heisenberg replied to Einstein's objetion to OQT above by pointing out that the
theory would not allow faster-than-light signalling.
Corollary 4: Quantum phenomena do not violate signal loality.
Theorem 16 (Jarrett 1984b): OQT violates outome independene.
This is a onsequene of Jarrett's Theorem 2, and Theorems 14 and 15.
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2.5.1 The EPR argument
As we mentioned above, in 1927 Einstein had already shown that OQT violated loal
ausality (the term wasn't used until Bell, but Einstein learly stated that quantum
mehanis "ontradits the priniples of relativity" [Wis06℄). That was always intended
by Einstein as a proof that OQT was inomplete, i.e., that there must be further hidden
variables beyond the quantum state to ompletely speify the properties of physial
systems.
Einstein's 1927 argument however is not as widely reognised as the Einstein, Podol-
sky and Rosen (EPR) argument of 1935 [EPR35℄. Maybe beause the argument in
that paper was more well artiulated, maybe beause in the Solvay onferene Einstein
also tried to prove quantum mehanis to be inonsistent  not only inomplete 
by arefully set-up thought experiments. Those attempts were thwarted by Bohr, who
argued that Einstein was not onsistently using the unertainty priniple at all levels in
his analysis of the experiments. The physis ommunity largely takes Bohr to have tri-
umphed over Einstein on those arguments, and therefore Einstein's failure on that front
would have been automatially transferred to his 1927 theorem about loal ausality.
In a reent paper [HS07℄, Harrigan and Spekkens suggest that Einstein himself preferred
the (more ompliated) argument for inompleteness using entangled states. More
preisely, Einstein's preferred argument was that used in a 1935 orrespondene with
Shrödinger, not the EPR argument whih  those authors laim  does not reet
preisely Einstein's opinion on the matter. The reason for that preferene, they argue,
is that this argument not only rules out the ompleteness of quantum mehanis (if one
assumes loal ausality, of ourse), but also it provides an extra argument for the view
that the quantum states are merely epistemi in nature.
Another reason for preferene of the EPR argument, mentioned in [Wis06℄ and [HS07℄
over Einstein's 1935 is an experimental one: the measurement statistis used in the
1927 argument an be trivially simulated with a mixed state, while those of the EPR
argument annot. The ritis ould evade the earlier argument by denying the oherene
of the state upon whih the measurements are performed, a move that annot be made
in the later.
But the most likely reason, in my opinion, for the ommunity's reognition of the EPR
argument over the 1927 one is that the former also substantially diers from the later in
that it introdues entangled states. Even if EPR failed in onvining the ommunity of
the inompleteness of orthodox quantum mehanis, the kind of states they onsidered
opened the door to Bell's reognition of the failure of one of EPR's premises instead
 loal ausality  and from there lead to the multiple appliations in the modern
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eld of quantum information siene. They also inuened Shrödinger to envisage his
infamous "at paradox" [Sh35℄ (and to oin the term `entanglement' to refer to the
strange kind of states EPR onsider).
EPR's argument is essentially that given (i) a suitable neessary ondition for omplete-
ness of a theory; (ii) an apparently reasonable suient ondition for determining when
a physial variable orresponds to an "element of physial reality"; (iii) the assumption
of loal ausality; and (iv) some preditions of quantum mehanis onerning entan-
gled states; one must onlude that quantum mehanis is inomplete, in the sense that
there must exist hidden variables to further speify physial states. I won't go into the
EPR argument in detail here, however, as it will be the subjet of Chapter 3.
2.5.2 Bell's Theorems
We now arrive at the famous Bell theorems. By 1964 it was known that OQT violates
loal ausality, but one ould still imagine, as EPR did, that a more detailed desription
of the phenomena was possible in whih loal ausality was maintained. Bell's startling
ontribution was to show that this hope was futile. The importane of this theorem
annot be overemphasised. It has even been dubbed the "most profound disovery of
siene" [Sta77℄. In 1964, however, Bell did not prove the stronger theorem about loal
ausality, but only a weaker version:
Theorem 17 (Bell 1964): All deterministi quantum models violate lo-
ality.
In other words, quantum phenomena violate loal determinism. By Fine's Theorem 8
this is equivalent to the strong form of Bell's theorem:
Theorem 18 (Bell 1971): Quantum phenomena violate loal ausality.
However, that was not fully reognised until muh later. In 1964 Bell was onsidering
loality and not loal ausality, as is evident by this passage:
"It is the requirement of loality, or more preisely that the result of a
measurement on one system be unaeted by operations on a distant system
with whih it has interated in the past, that reates the essential diulty."
([Bel64℄, pg. 14)
and that he onsiders only deterministi hidden variables is lear in the following dis-
ussion of the spei setup:
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"The result A (...) is then determined by a and λ, and the result B (...)
is determined by b and λ, and A(a, λ) = ±1, B(b, λ) = ±1. The vital
assumption is that the result B (...) does not depend on the setting a, (...)
norA on b." ([Bel64℄, pg. 15)
In a 1971 paper ([Bel87℄, pg. 37), Bell onsidered a model whih allowed some "inde-
terminism with a ertain loal harater" assoiated with the detetors  essentially a
fatorisable model with arbitrary probabilities, whih by Theorem 1 follows from loal
ausality  so this ould be taken as the rst lear proof of Theorem 18. But he did
not learly use the term loal ausality with the meaning of Denition 1 until 1976
([Bel87℄, pg. 54).
While in hindsight Bell's 1964 and 1971 theorems are logially equivalent (by way of
Theorem 8), the 1964 theorem ould not be diretly applied to experimental situations,
sine it assumed perfet orrelations (whih are obviously not observable in any real
experiment). The Bell inequality of 1971 however (essentially a version of the Clauser,
Horne, Shimony, Holt (CHSH) inequality of 1969 [CHSH69℄, but whih was derived
from a loal deterministi model) is appliable to real experimental situations. Many
experiments realised sine then strongly follow the quantum mehanial preditions,
and (up to some loopholes involving detetion eienies and/or lak of spae-like
separation) support the onlusion
Conlusion 1: Nature violates loal ausality.
2.5.3 Determinism and Preditability
Theorem 19 (Born): OQT violates determinism.
This is essentially the ontent of Born's postulate that the modulus square of the
wave funtion orresponds to probabilities of outomes of measurements, the extension
of whih for mixed states is given by (2.21). Sine for any state (determined by a
preparation c) there is at least one measurement for whih the probabilities are dierent
from 1 or 0, determinism is violated by OQT.
Corollary 4: OQT violates preditability.
Corollary 5: Quantum phenomena violate preditability.
That is a onsequene of Corollary 4 plus the fat that the denition of preditabil-
ity implies that if a model is not preditable, then the phenomena it predits violates
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preditability. This still does not mean that quantum phenomena are irreduibly un-
preditable, that is, it doesn't mean that there annot be further knowable variables
suh that the phenomena would be rendered preditable. That there are no suh fur-
ther knowable variables is essentially the ontent of Heisenberg's Unertainty Priniple
(HUP), that is,
Theorem 20 (Heinsenberg 1926): Quantum phenomena are irreduibly
unpreditable.
But the proof of Heisenberg's unertainty priniple, based on the ommutation relations
between dierent observables, an only be made within quantum mehanis. Bohmian
mehanis is deterministi but also not preditable, but again those fats are model-
dependent. The denition of quantum phenomenon is "a phenomenon predited by
OQT". OQT states that some phenomena are irreduibly unpreditable (by way of
HUP), but OQT ould be wrong about that. However, Theorem 7 (whih states that
no phenomenon violates determinism) may be taken to imply that nothing an be said
about preditability in a model-independent way.
This debate was in the entre of the famous Einstein-Bohr debates starting in the
Solvay onferene of 1927. Einstein was then unsatised with the indeterminism of
quantum mehanis and attempted to show that it was inonsistent by devising lever
gedanken experiments aiming to break Heisenberg's Unertainty Priniple. But Bohr
thwarted every suh attempt by pointing a aw in Einstein's reasoning. History is
one the side of Bohr who is widely regarded as the vitor of those debates. Einstein's
aw was essentially to ignore the unertainty priniple for some variables, whih would
allow him to obtain more knowledge than permitted by OQT for some other variables.
Bohr's reply was to point that if the priniple was observed onsistently throughout
the problem, Einstein's move would fail. However, of ourse, Bohr ould never prove
that OQT was orret and that the HUP must always hold, all he did was point out
that OQT was onsistent. There is no question about that, but ould he give a better
argument to onvine Einstein that OQT was orret about that? On this question I
oer the following theorem.
Theorem 21: If relativisti invariane is assumed, Nature is irreduibly
unpreditable or some observed phenomena an lead to ontraditions.
The ontraditions in question are just those involved in the grandfather-type paradox
onsidered in Theorem 11. The proof is simple. Suppose Nature is not irreduibly
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unpreditable, i.e., that for any observed phenomenon there is a possible trivial deter-
ministi model that reprodues the phenomenon as in (2.12). By Theorem 17 there are
phenomena for whih there is no loal deterministi model, therefore any suh deter-
ministi model must be nonloal. However, sine the models under onsideration are
trivial, if they are nonloal the phenomena they predit must violate signal loality.
Therefore if those phenomena are not irreduibly unpreditable then they violate sig-
nal loality and by Theorem 11 will lead to ontraditions if relativisti invariane is
assumed. Moreover, suh phenomena violating loal determinism have been observed,
therefore if Nature is not irreduibly unpreditable then some observed phenomena an
lead to ontraditions (if one obtains the hitherto hidden but observable information to
render the phenomena preditable).
In the last of Einstein's thought experiments, Bohr's reply made use of Einstein's own
General Theory of Relativity to rejet Einstein's thought experiment. Of ourse, Ein-
stein or Bohr were not aware of Bell's Theorem, but interestingly, if they were, Bohr
ould, by the use of Einstein's Speial Theory, have onvined Einstein not only that
OQT was onsistent, but that Nature is irreduibly unpreditable regardless of quantum
mehanis.
Conlusion 2: The above denitions and theorems imply the following
struture in phenomenon spae (PS):
vSL = vL ⊂ vLD = vLC ⊂ PS,
{} = vD ⊂ vP ⊂ PS (2.22)
Here {} denotes the empty set, vSL denotes the set of phenomena vio-
lating signal loality, and similarly for vL, vLC, vLD, vD and vP.
2.6 Making sense of it
In the beginning of this Chapter I indiated that there are, still today, many disussions
about what Bell's theorem(s) prove and what onepts it requires us to give up. Here
I'll sketh a few of those debates and what we an onlude about them in light of the
areful denitions and theorems of this hapter.
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2.6.1 Loality and outome independene
I have already mentioned Jarrett's preferene of rejeting outome independene and
keeping loality. The motivation is essentially Theorems 9 and 10, whih state that
violation of loality by a phenomenon will lead to paradoxes if relativisti invariane
is assumed. However, before rushing into onlusions, we must remember that the
onept of a phenomenon violating a property is quite distint from that of a model
laking that property. In fat, we have seen that it is possible for a model to violate
loality while the related phenomena do not. So keeping loality does not neessarily
lead to paradoxes. A desire to avoid paradoxial situations is not suient reason to
rejet loality.
Bell's theorem states that quantum phenomena violate loal ausality. Heisenberg's
Theorem 15 says that quantum phenomena do not violate loality. One ould take that
to mean that quantum phenomena violate outome independene. But by Corollary
3, it is impossible for any phenomenon to violate outome independene. The hoie
will depend on the model. Some models respet loality but not OI, suh as OQT.
Some respet OI but not loality, suh as Bohmian mehanis. Some respet neither,
as Nelson's mehanis. Bell's theorem says that none an respet both.
2.6.2 Determinism and hidden variables
There's a ommon misoneption in the literature about Bell inequalities whih main-
tains that what Bell's theorem tells us to give up is determinism and/or hidden vari-
ables. That probably arises from the fat that the original 1964 Bell theorem (and
many subsequent derivations) was in fat about the failure of loal determinism, that
is, the onjuntion of loality and determinism. For a reader who was already used to
the violation of determinism by orthodox quantum mehanis, and who didn't notie
the fat that violation of loality by a model did not imply (the truly objetionable)
violation of signal loality, the hoie seemed lear. And sine the early models did
not mention the possibility of nondeterministi hidden variables, it is understandable if
those readers then took Bell's theorem as denitive proof of the failure of the projet
of hidden variables.
Curiously, that was quite the opposite from Bell's intent. Bell was a supporter of the
hidden variable program, and his purpose was to show that it was not fair to rejet
Bohmian mehanis  the leading ontender among the hidden variable theories 
due to its nonloality, sine that was an unavoidable feature of any hidden variable
model.
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In any ase, we now know that what is at stake is not just loal determinism, but the
weaker onept of loal ausality. And by Remark 2, to even onsider the onept of
a phenomenon violating loal ausality, one needs to onsider hidden variable theories.
And even if one has other reasons to rejet hidden variables, one annot avoid the fat
that OQT violates loal ausality. In other words, rejeting determinism and/or hidden
variables does not make the world an entirely loal plae.
A ommon reason for rejeting hidden variables, Bohmian mehanis in partiular, is
that this theory is deterministi but does not allow preditability. If the hidden variables
exist, why an't we know about them? Theorem 21, while not diretly answering the
question, points out to the fat that (unless relativisti invariane is violated) Nature is
irreduibly unpreditable, so that this problem is not exlusive of Bohmian mehanis
(just as nonloality, Bell showed, isn't either).
With no intention of being a supporter of hidden variables, it's interesting to point
out that there are other reasons to onsider them: they are potential solutions to the
measurement problem, in that they do not make `measurement' a fundamental feature
of the world like OQT, they make sense of quantum osmology, and they allow an
ignorane interpretation of probabilities.
2.6.3 Reality
Finally, some theorists defend the idea that what violations of Bell's inequalities tell
us to give up is realism. These people take the term 'loal realism' to be a onjuntion
of 'loality' and 'realism', and favour to rejet the latter. We an identify four main
views in whih suh a onjuntion, in our terminology, an onsistently be taken. In
the rst, Axioms 1 to 3 are aepted impliitly and realism is equated with hidden
variables. This view, therefore, falls under the same ritiism pointed out in 2.6.2.
In the seond, Axioms 1 to 3 and the possibility of HVs are aepted impliitly, but
one equates 'realism' with outome independene or determinism. This would make
sense if one believes that the only aeptable hidden variable models are those that are
deterministi, or at least that satisfy outome independene. Then one an onsistently
rejet 'realism' in this sense and keep loality. However, the holder of this view annot
esape the fat that loal ausality is still violated by OQT. In a third possibility, Axioms
1 to 3 are aepted impliilty, all the onepts dened through use of an ontologial
model are put under the label 'realism', and 'loality' is taken to mean signal loality.
In this view, therefore, 'loality' is not violated, and one refuses to talk about anything
that goes under the name 'realism'. This, however, annot be more than a form of
operationalism, for whih the only esape from the fat that OQT violates loal ausality
would be to hold that loal ausality is not an interesting onept.
34 Conepts of Experimental Metaphysis
A fourth possibility is to rejet Axioms 1 or 2. However, the motivation for that annot
be simply the desire to keep loal ausality, beause the MRRF had to be assumed
before one an even dene loal ausality. So a theorist who hooses to rejet realism
probably has other motivations than simply to save loal ausality.
That said, there are possible moves in that diretion. A popular one is Everett's (or
Many-Worlds) interpretation [Eve57℄, whih maintains that there is in reality a single,
unitarily-evolving, wave funtion for the universe (or multiverse?). Therefore in a sense
all possible outomes of all experiments (and of all partile interations throughout the
universe for that matter) our. Axiom 2 is learly violated. Axiom 1 is not nees-
sarily violated, sine events really our somewhere in the multiverse independently of
observers. It's just that we don't have diret aess to all of them.
Yet another possibility is to maintain a relational view of quantum states, along the
lines supported for example by Rovelli in [Rov96℄. In this view, quantum states are
always relative to an observer or referene frame. It is possible that dierent observers
will disagree about whether or not some events our, and in a relational world there's
no matter of fat about suh events independently of any observer. Axiom 1 is learly
violated. Axiom 2 may or may not be, depending on how one pursues the idea. It is
possible that relational quantum theories of gravity (i.e., of spae-time geometry) will
also rejet it. To emphasise the meaning of a violation of Axiom 1, let me be expliit: in
a fully relational theory, it is possible that the very existene of events are not absolute
fats independent of referene frames. This would be a startling onlusion, far beyond
the mere relativity of spae and time whih we have ome to aept and  dare I say
 understand. Can reality itself be relative? Although this idea goes dangerously lose
to a radial solipsism, a more moderate reading may be possible. In speial relativity,
the fat that lengths or time lapses are relative does not entail that they don't exist
 they just have this previously unsuspeted property. In the same vein, to say that
events are relative to referene frames does not entail that they don't exist  again, it
is just another surprising property. However, I would say that although it is intriguing,
whether the whole idea ultimately makes sense (and most importantly, whether it an
lead to new preditions) remains to be seen.
Chapter 3
The EPR paradox and Steering
As outlined in Setion 2, in a seminal 1935 paper, Einstein, Podolsky and Rosen (EPR)
[EPR35℄ demonstrated an inonsisteny between the premises that go under the name of
loal realism and the notion that quantum mehanis is omplete. EPR never regarded
it as a paradox, but as an argument to prove the inompleteness of quantum mehanis.
The name `paradox' was probably introdued by those who ould not believe with EPR
that quantum mehanis was indeed inomplete but ould not see a aw in the argument
either. In hindsight, we now know (sine Bell) that, while the argument is sound, one
of the premises  loal ausality  is false. However, we will retain the historially
prevalent term `paradox'
1
. Our reasons to study the EPR paradox are threefold.
Firstly, we aim to do historial justie to EPR and put their argument in their orret
standing, distilling its essene and formalising it to make it lear how it relates to the
notion of loal ausality as used in disussions of Bell's theorem and to the notion of
entanglement or quantum non-separability.
Seondly, we will see that the EPR paradox an be demonstrated in a loophole-free
way with urrent tehnology, thereby providing onlusive evidene of the failure of
its underlying premises, as opposed to the urrent situation with Bell inequalities, as
pointed out in Chapter 1 on page 1.
Thirdly, we will relate the EPR paradox to the onept of steering originally dened
by Shrödinger [Sh35℄ in a reply to EPR
2
and reently formalised by Wiseman and
1
The Amerian Heritage Ditionary denes `paradox' as 1. A seemingly ontraditory statement
that may nonetheless be true. 2. One exhibiting inexpliable or ontraditory aspets. 3. An assertion
that is essentially self-ontraditory, though based on a valid dedution from aeptable premises. 4.
A statement ontrary to reeived opinion. Our usage of the term is therefore in aordane with
denition 3 if one takes the premises of the EPR argument to be aeptable (in whih ase we arrive
at a ontradition) and with denition 4 if, instead, one takes the argument to imply the failure of one
of those a priori reasonable premises.
2
In this same seminal artile he oined the term entanglement and introdued his infamous at
paradox.
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o-authors [WJD07℄, onrming the latter's laim
3
that any demonstration of the EPR
paradox is also a demonstration of steering. We will further show that the onverse
is also true: any demonstration of steering is also a demonstration of the EPR para-
dox. With referene to that work we will then see that the EPR paradox (or steering)
onstitutes a new lass of (non-)loality intermediate between the lasses of quantum
(non-)separability and Bell (non-)loality. This lassiation ould prove important in
the ontext of Quantum Information Proessing, therefore it is desirable to formulate
riteria to determine to whih lasses a given state (or a set of orrelations) belongs.
The original EPR paradox was based on position and momentum observables. Bohm
[Boh51℄ extended the example of EPR to the ase of disrete observables, partiularly
to the ase of two spin-1/2 partiles. That is the version that was used by Bell in
deriving his famous inequalities and it has played a entral role in our understanding
of quantum entanglement. Both the original argument of EPR and Bohm's version,
however, rely on perfet orrelations, whih are obviously experimentally unattainable.
That situation was orreted by Margaret Reid in 1989 [Rei89℄, when she derived exper-
imental riteria for demonstration of the EPR paradox whih were appliable to realisti
situations where noise and losses are inevitable. The Reid riteria are a standard tool
in Quantum Optis, and have been used for demonstrations of the EPR paradox with
ontinuous-variables [OPKP92, ZWL
+
00, SLW
+
01, BSLR03, HBBB04℄ where quadra-
ture measurements play the role of the position and momentum observables.
However, there is to date no suh tool for the ase of disrete observables. Experiments
by Wu and Shaknov [WS50℄ gave evidene for disrete EPR orrelation, but beause
detetion eienies were extremely low, only a small fration of emitted pairs were
deteted, meaning that no-enhanement assumptions [CS78℄ were inorporated.
We will derive new riteria that an be applied to disrete observables, both for the
ase originally envisaged by Bohm and to other lasses of states, even in presene of
ineienies in the preparation or detetion proedures. The extent to whih these
ineienies are allowed will be studied in detail. Using one of these riteria, we
show that the loop-hole free demonstration of the EPR-Bohm paradox is predited for
onsiderably lower detetion eienies than required for Bell's theorem. This disparity
is even more striking in the ase of marosopi elds, where we propose for feasible
eienies to demonstrate a type of EPR-Bohm orrelation from whih one an dedue
existene of mesosopi and marosopi quantum superpositions.
3
While their laim is orret, their proof was inomplete. They onsider a partiular instane of
the EPR-Reid riteria (a more general instane of whih we will analyse in Setion 3.2) and show that
for a ertain lass of states that riterion is violated if and only if the state is steerable. However,
the EPR-Reid riteria are a subset of all possible riteria for the EPR paradox and their proof only
onsiders a spei lass of states. In this thesis we will see that the EPR paradox and steering are in
fat quite generally equivalent.
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While not enough to falsify EPR's loal realism, the proposed EPR paradox experiments
do demonstrate a partiularly strong form of entanglement. For this EPR-entanglement,
loal realism an only be reoniled with quantum mehanis if one aepts the existene
of an underlying loalised hidden variable (non-quantum) state. Put another way, if
one an aept only quantum states, then the EPR orrelation implies nonloal eets.
3.1 The Einstein-Podolsky-Rosen argument
We will start with a detailed analysis of the original EPR argument, before nding
a suitable mathematial formulation of it. The EPR paper starts with a distintion
between reality and the onepts of a theory, followed by a ritique of the operationalist
position, learly aimed at the views advoated by Bohr, Heisenberg and the other
proponents of the Copenhagen shool.
"Any serious onsideration of a physial theory must take into aount the
distintion between the objetive reality, whih is independent of any theory,
and the physial onepts with whih the theory operates. These onepts
are intended to orrespond with the objetive reality, and by means of these
onepts we piture this reality to ourselves.
In attempting to judge the suess of a physial theory, we may ask ourselves
two questions: (1) `Is the theory orret?' and (2) `Is the desription given
by the theory omplete?' It is only in the ase in whih positive answers
may be given to both of these questions, that the onepts of the theory
may be said to be satisfatory. The orretness of the theory is judged by
the degree of agreement between the onlusions of the theory and human
experiene." [EPR35℄
Any theory will have some onepts whih will be used to aid in the desription and
predition of the phenomena whih are their subjet matter. In quantum theory,
Shrödinger introdued the onept of the wave funtion and Heisenberg desribed
the same phenomena with the more abstrat matrix mehanis. EPR argue that we
must distinguish those onepts from the reality they attempt to desribe. One an see
the physial onstruts of the theory as mere alulational tools if one wishes, but those
authors warn that one must be areful to avoid falling bak into a pure operationalist
position; the theory must strive to furnish a omplete piture of reality.
In Chapter 2, we argued that a minimal realist-relativisti framework for physial the-
ories, and ertainly the position advoated by Einstein, an be represented by the
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onjuntion of Axioms 1 and 2 of that hapter, namely that the existene of physial
events is independent of observers or referene frames and that those events an be as-
soiated to points in a relativisti spae-time. This framework makes expliit, as EPR
desired, that events are among those things whih are part of the "objetive reality,
whih is independent of any theory". With that framework in plae, we an abstrat
out any spei onepts of a theory and represent the most fundamental aspets of
any desription of a phenomenon by what was termed an `ontologial model' or simply
`model'. EPR's requirement that the theory is orret is built into Denition 2 of a
model by requiring that it orretly predits the phenomenon. Their requirement that
it be omplete will be addressed within the ontologial model shortly. But rst let us
look at the rest of EPR's argument.
EPR follow the previous onsiderations with a neessary ondition for ompleteness:
EPR's neessary ondition for ompleteness: "Whatever the meaning
assigned to the term omplete, the following requirement for a omplete
theory seems to be a neessary one: every element of the physial reality
must have a ounterpart in the physial theory." [EPR35℄
Soon afterwards they note that this ondition only makes sense if one is able to deide
what are the elements of the physial reality. Contrary to a ommon belief, they did
not then attempt to dene element of physial reality. Instead, they provide a suient
ondition of reality :
EPR's suient ondition for reality: "The elements of the physial
reality annot be determined by a priori philosophial onsiderations, but
must be found by an appeal to results of experiments and measurements.
A omprehensive denition of reality is, however, unneessary for our pur-
pose. We shall be satised with the following riterion, whih we regard
as reasonable. If, without in any way disturbing a system, we an predit
with ertainty (i.e., with probability equal to unity) the value of a physial
quantity, then there exists an element of physial reality orresponding to
this physial quantity." [EPR35℄
Later in the same paragraph it is made expliit that this riterion is "regarded not
as a neessary, but merely as a suient, ondition of reality". This is followed by a
disussion that, in quantum mehanis, if a system is in an eigenstate of an operator
A with eigenvalue a, by this riterion, there must be an element of physial reality
orresponding to the physial quantity A. "On the other hand", they ontinue, if the
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state of the system is a superposition of eigenstates of A, "we an no longer speak of
the physial quantity A having a partiular value". After a few more onsiderations,
they state that "the usual onlusion from this in quantum mehanis is that when the
momentum of a partile is known, its oordinate has no physial reality". We are left
therefore, aording to EPR, with two alternatives:
EPR's dilemma: "From this follows that either (1) the quantum-mehanial
desription of reality given by the wave funtion is not omplete or (2) when
the operators orresponding to two physial quantities do not ommute the
two quantities annot have simultaneous reality." [EPR35℄
They justify this by reasoning that "if both of them had simultaneous reality  and
thus denite values  these values would enter into the omplete desription, aording
to the ondition for ompleteness". And in the ruial step of the reasoning: "If then
the wave funtion provided suh a omplete desription of reality it would ontain these
values; these would then be preditable [my emphasis℄. This not being the ase, we are
left with the alternatives stated". Brassard and Méthot [BM06℄ have pointed out that
stritly speaking EPR should onlude that (1) or (2), instead of either (1) or (2), sine
they ould not exlude the possibility that (1) and (2) ould be both orret. However,
this does not aet EPR's onlusion. It was enough for them to show that (1) and (2)
ould not both be wrong, and therefore if one an nd a reason for (2) to be false, (1)
must be true
4
.
The next setion in EPR's paper intends to nd a reason for (2) to be false, that is,
to nd a irumstane in whih one an say that there are simultaneous elements of
reality assoiated to two non-ommuting operators. They onsider a omposite system
omposed of two spatially separated subsystems SA and SB whih are prepared, by way
of a suitable initial interation, in an entangled state of the type
|Ψ〉 =
∑
n
cn|ψn〉A ⊗ |un〉B, (3.1)
where the |ψn〉A denote a basis of eigenstates of an operator, say Oˆ1, of subsystem SA
and |un〉B denote some (normalised but not neessarily orthogonal) states of SB. If one
4
Brassard and Méthot's onlusion that the EPR argument is logially unsound is not based on
this mistake, whih they aknowledge as irrelevant. Their onlusion is based on a misinterpretation
of EPR's paper. They read the quote "In quantum mehanis it is usually assumed that the wave
funtion does ontain a omplete desription of the physial reality [...℄. We shall show however, that
this assumption, together with the riterion of reality given above, leads to a ontradition", as stating
that ¬(1) ∧ (2) → false. If that was the orret formalisation of the argument I would agree with
their onlusion. However, by "riterion of reality given above" EPR mean their suient ondition
of reality, not statement (2).
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measures the quantity Oˆ1 at SA, and obtains an outome orresponding to eigenstate
|ψk〉A the global state is redued to |ψk〉A ⊗ |uk〉B. If, on the other hand, one hooses
to measure a non-ommuting observable Oˆ2, with eigenstates |φs〉A, one should instead
use the expansion
|Ψ〉 =
∑
s
c′s|φs〉A ⊗ |vs〉B, (3.2)
where |vs〉B represent another set of normalised states of SB. Now if the outome of this
measurement is, say, the one orresponding to |φr〉A, the global state is thereby redued
to |φr〉A⊗|vr〉B. Therefore, "as a onsequene of two dierent measurements performed
upon the rst system, the seond system may be left in states with two dierent wave
funtions". This is just what Shrödinger later termed steering, and we'll return to that
later. Now enters the ruial assumption of loality.
EPR's loality assumption: "Sine at the time of measurement the two
systems no longer interat, no real hange an take plae in the seond
system in onsequene of anything that may be done to the rst system."
[EPR35℄
"Thus", onlude EPR, "it is possible to assign two dierent wave funtions to the same
reality". They now onsider a spei example where those dierent wave funtions are
eigenstates of two non-ommuting operators. If the initial state was of type
Ψ(xA, xB) =
∫ ∞
−∞
eixAp/~e−ixBp/~dp, (3.3)
then if one measures momentum pˆA at SA and nds outome p, the redued state of
subsystem SB will be the one assoiated with outome −p of pˆB. On the other hand, if
one measures position xˆA and nds outome x, the redued state of SB will be the one
orresponding to outome x of xˆB. By measuring position or momentum at SA, one
an predit with ertainty the outome of the same measurement on SB. But pˆ
B
and
xˆB orrespond to non-ommuting operators. EPR onlude from this that
"In aordane with our riterion of reality, in the rst ase we must onsider
the quantity [pˆB℄ as being an element of reality, in the seond ase the
quantity [xˆB ℄ is an element of reality. But, as we have seen, both wave
funtions [orresponding to −p and x℄ belong to the same reality." [EPR35℄
In other words, by using the suient ondition for reality, the assumption of loality
and the preditions for the entangled state under onsideration, EPR onlude that
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Alice Bob
XA , PA XB , PB
Figure 3.1: The EPR senario. Alie and Bob are two spatially separated observers
who an perform one of two (position or momentum) measurements available to eah
of them.
there must be elements of reality assoiated to a pair of non-ommuting operators. So
the (2) horn of EPR's dilemma proved before is losed, leaving as the only alterna-
tive option (1), namely, that the quantum mehanial desription of physial reality is
inomplete.
In hindsight, as we now know that the premise of loality is not entirely justied, we
an read EPR's argument as demonstrating the inompatibility between the premises of
loality, the ompleteness of Quantum Mehanis and some of its preditions. However,
one ould blok the onlusion of the argument by rejeting those statistial preditions
required to formulate the argument. This move is partiularly easy to be made sine
the neessary preditions are of perfet orrelations, unobtainable in pratie due to
unavoidable ineieny in preparation and detetion of real physial systems. This
problem was onsidered by W. H. Furry already in 1936 [Fur36℄ but experimentally
useful riteria for the EPR paradox were only proposed in 1989 by Margaret Reid
[Rei89℄.
3.2 The EPR-Reid riterion
The essential dierene in the derivation of the EPR-Reid riteria [Rei89℄ and the
original EPR argument is in a modiation of the suient ondition for reality. This
ould be stated as the following:
Reid's suient ondition of reality: If, without in any way disturbing
a system, we an predit with some speied unertainty the value of
a physial quantity, then there exists a probabilisti element of physial
reality whih determines this physial quantity with at most that spei
unertainty.
The senario onsidered is the same as the one for the EPR paradox above, as depited
in Fig. 3.1, but one does not need a state whih predits the perfet orrelations
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onsidered by EPR. Instead, the two experimenters, Alie and Bob, an measure the
onditional probabilities of Bob nding outome xB in a measurement of xˆB given
that Alie nds outome xA in a measurement of xˆA, i.e., P (xB|xA). Similarly they
an measure the onditional probabilities P (pB|pA) and the unonditional probabilities
P (xA), P (pA). We denote by ∆
2(xB|xA), ∆2(pB|pA) the varianes of the onditional
distributions P (xB|xA), P (pB|pA), respetively. Reid now denes the average inferene
varianes
∆2inf(x
B|xˆA) =
∑
xA
P (xA)∆2(xB|xA)
∆2inf(p
B|pˆA) =
∑
pA
P (pA)∆2(pB|pA). (3.4)
The notation ∆2inf (x
B|xˆA) is to indiate the average inferene variane of xB given that
Alie measures xˆA and similarly for pB. Reid argues, by use of the suient ondition
of reality above, that sine Alie an, by measuring either position xˆAor momentum
pˆB, infer with some unertainty ∆inf(x
B|xˆA) or ∆inf (pB|pˆA) the outomes of the or-
responding experiments performed by Bob, and sine by the loality ondition of EPR
her hoie annot aet the elements of reality of Bob, then there must be simulta-
neous probabilisti elements of reality whih determine xˆB and pˆB with at most those
unertainties. Now by Heisenberg's Unertainty Priniple (HUP), quantum mehanis
imposes a limit to the preision with whih one an assign values to observables or-
responding to non-ommuting operators xˆ and pˆ. In appropriately resaled units the
relevant HUP reads ∆x∆p ≥ 1. Therefore, if quantum mehanis is omplete as dened
by EPR and the loality ondition holds, by use of the adapted suient ondition of
reality, the limit with whih one ould determine the average inferene varianes above
is
∆inf(x
B|xˆA)∆inf (pB|pˆA) ≥ 1. (3.5)
This is the EPR-Reid riterion. Violation of that riterion signies the EPR paradox.
It has been used in experimental demonstration with ontinuous-variables [OPKP92,
ZWL
+
00, SLW
+
01, BSLR03, HBBB04℄ where quadrature measurements play the role
of the position and momentum observables.
3.3 Formalising EPR
I will now propose a mathematial formalisation of the premises of the EPR argument
following the formalism of Chapter 2.
It is evident that EPR had well in mind the basi Axioms of the MRRF dened on
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page 10. We have already argued in 3.1 that the rst of EPR's desiderata, "Is the
theory orret?", is taken are of automatially by the denition of a `model', sine it
is required that it orretly predits the phenomenon under study. So we an now use
the ontologial model to formalise the rest of their premises.
3.3.1 The original argument
Let us rst understand what EPR's suient ondition of reality amounts to. It is a
riterion whih, when satised, assigns a physial variable to the set of variables whih
have an "element of reality" assoiated to them. Let us denote this set by ER. The
setup of the ontologial model is essentially the same as that onsidered by EPR, so
by EPR's suient ondition of reality, if after the measurement of an observable a in
whih outome A is obtained, one dedues that the probability of now obtaining B in
a measurement of b is unity, then there's an element of reality assoiated to b.
Denition 1 (EPR's suient ondition of reality) If the outome of
measurement b is preditable given the outome of measurement a, then
there's an element of reality assoiated to b, i.e.,
P (B|A, a, b, c) ∈ {0, 1} → b ∈ ER. (3.6)
The neessary ondition for ompleteness is not so transparent. It is a priori not obvious
what EPR had in mind by "a ounterpart in the physial theory". However, we an
extrat the meaning by looking at when they atually use that ondition. It is just
in the justiation of what I've alled EPR's dilemma, already mentioned in Setion
3.1 on page 39: "If then the wave funtion provided suh a omplete desription of
reality it would ontain these values; these would then be preditable" [my emphasis℄.
In other words, it is neessary, for EPR, that the variables orresponding to elements
of reality be preditable by the wave funtion if it provides a omplete desription of
reality. The wave funtion is fully speied by the preparation proedure, so denoting,
following EPR, C(OQT ) ≡"the quantum-mehanial desription of reality given by the
wave funtion is omplete" we obtain
Denition 2 (EPR's neessary ondition for ompleteness) If the
quantum mehanial desription of reality given by the wave funtion is
omplete, then if there's an element of reality assoiated to b, the value
B of b given only the preparation proedure must be preditable, i.e.
C(OQT )→ (b ∈ ER → P (B|b, c) ∈ {0, 1}). (3.7)
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We an now derive EPR's dilemma. Assume C(OQT ) and take two non-ommuting
observables b and b′. If there's an element of reality assoiated with both of them,
then by Denition 2 they must both be preditable. But we know by the HUP that
no quantum model involving non-ommuting operators is preditable. Therefore there
annot be elements of reality assoiated to both of two non-ommuting operators. De-
note this last statement NC. Then C(OQT ) → NC, whih is logially equivalent to
¬C(OQT ) ∨NC. EPR's dilemma an now be stated as
Theorem 1 (EPR's dilemma) If the quantum mehanial desription
of reality given by the wave funtion is omplete, then there annot be
elements of reality assoiated to both of two non-ommuting operators.
Now enters the example of the entangled state. With that state, one an nd observables
b, b′, a, a′ suh that P (B|A, a, b, c) ∈ {0, 1} and that P (B′|A′, a′, b′, c) ∈ {0, 1}. Let us
denote this observation ENT . Given ENT and Denition 1, there must be elements of
reality assoiated to both b and b′, i.e., b, b′ ∈ ER. This is where the loality assumption
enters the reasoning in a fundamental way, by requiring that the elements of reality at B
do not depend on the hoie of experiment at A. Denition 1 used that impliitly by not
mentioning that one should atually arry out the measurements under onsideration,
only that one would be able to predit the outome of b (or b′) if one deided to measure
a (or a′). Close to the end of their paper, EPR remark that
"One ould objet to this onlusion on the grounds that our riterion of
reality is not suiently restritive. Indeed, one would not arrive at our on-
lusion if one insisted that two or more physial quantities an be regarded
as simultaneous elements of reality only when they an be simultaneously
measured or predited. [...℄ This makes the reality of P and X depend upon
the proess of measurement arried out on the rst system, whih does not
disturb the seond system in any way. No reasonable denition of reality
ould be expeted to permit this." [EPR35℄
Therefore given the observation of ENT and Denition 1, there must be elements of
reality assoiated to both non-ommuting operators, and the onsequent of Theorem 1
is false. Therefore the anteedent must be false, and EPR onlude, quantum mehanis
is inomplete.
Theorem 2 (the EPR argument) The suient ondition of reality and
some preditions of quantum mehanis imply that the quantum mehan-
ial desription of reality is inomplete.
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3.3.2 General formalisation
We an understand what kind of loality EPR had in mind if we revisit their ondition
for ompleteness. In Denition 2 we see that if there's an element of reality assoiated
to b, and quantum mehanis is omplete, then the outome of b given the quantum
state must be preditable. They impliitly mean that if there's an element of reality
assoiated to a variable, then if one had the knowledge of enough fats about the
system one would be able to predit the outome of a measurement of that observable
with ertainty. In the language of the ontologial model of Chapter 2, this means that
there must be a deterministi hidden variable model for the outome of b. With this
onsideration Denition 1 implies (I remind the reader that the expressions are to be
understood as valid for all values of the variables, inluding λ)
P (B|A, a, b, c) ∈ {0, 1} → b ∈ ER → P (B|b, c, λ) ∈ {0, 1}, (3.8)
Now it is obvious that
P (B|A, a, b, c) ∈ {0, 1} → P (B|A, a, b, c, λ) ∈ {0, 1}, (3.9)
and to obtain (3.8) from (3.9) we just need the assumption of loal ausality as dened
in Chapter 2, whih we reprodue here for ompleteness:
Corollary 1: A model is loally ausal, i.e., a model satises loal
ausality (LC) i
P (B|A, a, b, c, λ) = P (B|b, c, λ), (3.10)
plus the orresponding equations for A.
So the loality onept that goes into Denition 1 is that of loal ausality. Remember
that this implies that the joint probabilities fatorise, i.e., that any model that satises
loal ausality must have the form
f(A,B|a, b, c) =
∑
λ∈Λ
P (λ|c)P (A|a, c, λ)P (B|b, c, λ). (3.11)
What about ompleteness? If Orthodox Quantum Theory is omplete, then for pure
states it is essentially the assumption that there are no hidden variables. No possible
new information ould hange the probability assigned to the outomes of measure-
ments. Sine hidden variables ould be unknowable by any observer even in priniple,
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suh as is the ase in Bohmian mehanis, a more orret statement would be that no
atual variables exist in the past light ones of the measurements under study suh
that, onditionalised on those variables, the probabilities of the outomes of said mea-
surements would be further speied. Formally, that means that if OQT is omplete,
then the probabilities of Bob's outome, say, an only be those allowed by quantum
states PQ(B|b, c, λ) = Tr[ΠˆBρBc,λ]. I use the subsript Q to indiate quantum prob-
abilities, where ΠˆB is a projetor onto the subspae orresponding to outome B of
observable bˆ while ρBc,λ is a positive unit-trae operator for subsystem B assoiated with
the preparation c and with the unknown variable λ5. This is a strong onstraint, sine
by Heisenberg's Unertainty Priniple, not all probabilities are allowed to be assoiated
simultaneously to two non-ommuting operators bˆ and bˆ′. By those onsiderations, we
arrive at the rst main result of this Chapter.
Proposition 1: The onjuntion of loal ausality and ompleteness implies
f(A,B|a, b, c) =
∑
λ∈Λ
P (λ|c)PQ(A|a, c, λ)PQ(B|b, c, λ). (3.12)
This is equivalent to the statement that there exists a separable (i.e., non-entangled)
state whih orretly desribes the phenomenon. An entangled, or non-separable [Wer89℄
quantum state ρ for two subsystems A and B, is one whih annot be written as a onvex
ombination of produt states, i.e., as
ρ =
∑
i
ηiρ
A
i ⊗ ρBi ,
where the ηi are probabilities, i.e., they are real non-negative numbers and
∑
i ηi = 1,
and ρAi and ρ
B
i are quantum states for subsystems A and B respetively. The onse-
quene has not been widely reognised before and deserves to be emphasised.
Any proof that a phenomenon annot be desribed by a separable
state is proof that the phenomenon violates the onjuntion of
loal ausality and ompleteness of operational quantum theory.
That is, the onjuntion of loal ausality and ompleteness of quantum theory, the
basi premises of the EPR argument, an be shown to be inonsistent with observation
5
Remember that λ are not neessarily "hidden" variables in the sense of being fundamentally
unknowable, but rather are variables whih are ignored by the preparation proedure. They may
be atually unknowable, suh as the hidden variables in Bohmian mehanis, but they ould be just
ignored but knowable variables. For example, if one prepares a mixed state, there ould be in priniple
knowable further variables that would speify a pure quantum state, and those are inluded in λ.
3.3 Formalising EPR 47
Quantum Separability
Local Hidden State
Local Hidden Variables
Figure 3.2: The hierarhy of loality models. The diagram depits the 'state spae',
that is, the spae of possible quantum states. If a ertain state is separable then all
measurements that an be performed on it have a LHS model and if it has a LHS model
then it will have a LHV model, but the onverse impliations do not hold.
without the need for EPR's suient ondition of reality. The reason is that (3.12) is
the most general model whih is ompatible with both of these premises, allowing for
the most general distribution of loal elements of reality whih are ompatible with the
assumption that operational quantum theory is omplete.
However, the EPR argument was asymmetri in that it onsidered the eet of knowl-
edge of the outomes of measurements on one side of the apparatus, say Alie's, on
the state on the other side, say Bob's. Shrödinger alled this eet steering, and that
arguably reets the spirit of the EPR paradox more losely than the general nonsepa-
rability of (3.12). We will therefore use the term EPR paradox to refer to this partiular
kind of violation of loal ausality and ompleteness, and not the general violation of
46. This is the topi of the next subsetion.
3.3.3 The onnetion with Steering
Suppose we assume ompleteness of OQT for Bob's subsystem, but do not restrit the
hidden variables in Alie's side in any way. That implies
Proposition 2: The onjuntion of loal ausality and ompleteness for Bob's subsys-
tem implies
f(A,B|a, b, c) =
∑
λ∈Λ
P (λ|c)P (A|a, c, λ)PQ(B|b, c, λ). (3.13)
This was termed a Loal Hidden State (LHS) model by Wiseman and o-authors [WJD07℄,
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and was proposed as a formalisation of the onept of steering, whih an best be de-
sribed in the quantum information fashion, that is, as a task.
The task is the following. Alie wants to onvine Bob that she an at on his state, or
steer it, at a distane. If Bob does not trust Alie and believes he has a loal quantum
state, he will believe that the measurement statistis of their experimental outomes
will be given by (3.13), sine that is the most general way in whih his loal quantum
state an be lassially orrelated with Alie's measurement outomes. Therefore if
by looking at Alie's and his own joint measurement probabilities, Bob annot nd a
model of form (3.13), he'll be onvined that Alie's hoie of experiment an somehow
steer his own state.
In that letter, Wiseman et al. answered a few questions about steering. They have
demonstrated that, as applied to states, the onept of Bell non-loality, or the inex-
istene of a Loal Hidden Variable (LHV) model, is stritly stronger than steerability
and steerability is stritly stronger than non-separability, that is, that if a quantum
state demonstrates Bell non-loality then it neessarily demonstrates steering but not
vie-versa, and if it demonstrates steering it neessarily demonstrates non-separability,
but not vie-versa. This hierarhy is shematised in Fig. 3.2.
Here we will be interested in a dierent question. Our purpose is to experimentally
demonstrate steering, whih by the preeding arguments represent a demonstration of
the EPR paradox. When do the experimental outomes violate (3.13)? We want to nd
lear experimental signatures, in the form of inequalities, whih, when violated, imply
steering or the EPR paradox. We'll rst show that the LHS model diretly imply the
EPR-Reid riterion for ontinuous-variables, and then we'll derive new riteria for the
EPR-Bohm paradox.
3.3.4 The EPR-Reid riterion re-derived
It is easy to show that for the original EPR state, the measurement outomes annot
be desribed in the form (3.13), To see that, note that for all λ, Alie an hoose to
measure a or a′ and thereby predit with ertainty either b or b′. But the value of
λ is independent of Alie's hoie. So for all λ, the outomes of b and b′ must be
determined, that is, it must be simultaneously the ase that PQ(B|b, c, λ) ∈ {0, 1} and
PQ(B|b′, c, λ) ∈ {0, 1}. But no quantum state allows that probability assignment, and
therefore the LHS model annot desribe the joint statistis.
But in the laboratory there are no suh perfet orrelations. What about the more
general ase of imperfet detetion and preparation eienies? And what about other
states whih do not predit suh orrelations even with perfet eienies?
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Reall that we dened, for the situation onsidered in Setion 3.2, average inferene vari-
anes as ∆2inf(x
B|xˆA) = ∑xA P (xA)∆2(xB|xA), ∆2inf(pB|pˆA) = ∑pA P (pA)∆2(pB|pA).
Consider the LHS model of (3.13), whih applied to the situation at hand reads (omit-
ting heneforth unneessary notation)
P (xA, xB) =
∑
λ∈Λ
P (λ)P (xA|λ)PQ(xB|λ). (3.14)
The onditional probability distribution of xB given an outome xA of xˆA is then
P (xB|xA) =
∑
λ∈Λ
P (λ)P (xA|λ)
P (xA)
PQ(x
B|λ). (3.15)
It is a general result that if a probability distribution an be written in the form of a
onvex ombination of further normalised probability distributions,
P (z) =
∑
i
P (i)P (z|i), (3.16)
then the variane of the resulting ombination is larger than or equal to the ombination
of the varianes, i.e.,
∆2z ≥
∑
i
P (i)∆2(z|i). (3.17)
Eq. (3.13) has the form of (3.16), so the variane ∆2(xB|xA) of the onditional distri-
bution (3.15) must satisfy the inequality
∆2(xB|xA) ≥
∑
λ
P (λ)P (xA|λ)
P (xA)
∆2Q(x
B|λ), (3.18)
where ∆2Q(x
B|λ) represents the variane of PQ(xB|λ). Substituting (3.18) into the de-
nition of ∆2inf(x
B|xˆA) we obtain
∆2inf(x
B|xˆA) ≥
∑
λ,xA
P (xA)
P (λ)P (xA|λ)
P (xA)
∆2Q(x
B|λ)
=
∑
λ
P (λ)∆2Q(x
B|λ). (3.19)
A similar proedure produes the equivalent inequality for ∆2inf (p
B|pˆA). We now dene
two vetors
u = (
√
P (λ1)∆Q(x
B|λ1),
√
P (λ2)∆Q(x
B|λ2), ...)
v = (
√
P (λ1)∆Q(p
B|λ1),
√
P (λ2)∆Q(p
B|λ2), ...), (3.20)
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and note that
∑
λ P (λ)∆
2
Q(x
B|λ) = |u|2 and similarly for pB and v. By use of the
Cauhy-Shwarz inequality, i.e., |u||v| ≥ u · v we obtain
∆2inf(x
B|xˆA)∆2inf (pB|pˆA) ≥
∑
λ
P (λ)∆2Q(x
B|λ)
∑
λ′
P (λ′)∆2Q(p
B|λ′)
= |u|2|v|2 ≥ (u · v)2
=
{∑
λ
P (λ)∆Q(x
B|λ)∆Q(pB|λ)
}2
. (3.21)
Now remember that ∆Q(x
B|λ) and ∆Q(pB|λ) represent standard deviations over the
same quantum state ρBλ . Therefore they must obey the HUP
∆Q(x
B|λ)∆Q(pB|λ) ≥ 1, (3.22)
and by substituting (3.22) in (3.21) we nally arrive at the EPR-Reid riterion
∆inf(x
B|xˆA)∆inf (pB|pˆA) ≥ 1. (3.23)
So we see that we an derive the EPR-Reid riterion diretly from the premises of loal
ausality and ompleteness, whih imply the LHS model. No additional ondition of
reality is neessary.
3.4 Criteria for the EPR-Bohm paradox
In Bohm's EPR paradox, spin measurements JAθ and J
B
φ are performed, simultaneously,
on two spatially separated subsystems, A and B. For the quantum states
|ψj〉 = 1√
2j + 1
j∑
m=−j
(−1)j−m|j,m〉A|j,−m〉B (3.24)
there is a maximum orrelation between the results if the same spin omponent is
measured at eah loation. Here |j,m〉A/B are the eigenstates of J2 and Jz respetively,
for A/B. Opposite outomes are predited for JAθ and0 J
B
θ , so that the outome of
measurement of any one of JBx , J
B
y , J
B
z an be predited, with absolute ertainty, by
measurement of one of the JAx , J
A
y , J
A
z . Bohm's original variant [Boh51℄ of the EPR
argument onsidered only the Bell-state |ψ1/2〉.
The EPR-Bohm argument follows analogously to the EPR argument analysed before
in this Chapter, exept that instead of being based in the unertainty priniple for
position-momentum, it is based on that for the spin observables, as depited in Fig.
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Alice Bob
XA , YA XB , YB, ZA , ZB
Figure 3.3: The EPR-Bohm senario. Alie and Bob are two spatially separated ob-
servers who an perform one of three spin measurements available to eah of them.
3.3.
One of the unertainty relations that impose lower bounds on the unertainties for spin
observables is of the form
∆jBx ∆j
B
y ≥ |〈jBz 〉|/2. (3.25)
The lower ase jθ indiate the outomes of measurements Jθ.
To derive experimental riteria for the EPR-Bohm paradox, we dene the measurable
average inferene variane in the predition of JBφ , based on measurement J
A
θ at A
[Rei89℄.
∆2estj
B
φ = 〈(jBφ − jBφ|θ,est)2〉 ≥
∑
jA
θ
P (jAθ )∆
2(jBφ |jAθ ) = ∆2inf (jBθ |JAφ ) (3.26)
Here jBφ|θ,est is an inferred estimate for j
B
φ , given an outome j
A
θ for J
A
θ , and the average
is over all outomes jBφ , j
A
θ . The inequality follows beause, for a given j
A
θ , the estimate
that minimises 〈(jBφ − jBφ|θ,est)2〉 is the mean of P (jBφ |jAθ ). This minimum is optimal, but
not always aessible, in EPR experiments. From now on we will derive everything for
the ∆2inf (j
B
θ |JAφ ), but one should keep in mind that one an measure the less optimal
but possibly more aessible ∆2estj
B
φ , modifying the inequalities in an obvious way.
We will use a tehnique similar to that used to re-derive the EPR-Reid riterion in the
previous setion. We rst assume that the measurement statistis an be desribed by
a LHS model, whih implies
∆2inf(j
B
θ |JAφ ) ≥
∑
λ
P (λ)∆2Q(j
B
θ |λ), (3.27)
for all θ, φ, by an entirely analogous reasoning as in the derivation of (3.19).
We now again dene two vetors
u = (
√
P (λ1)∆Q(j
B
x |λ1),
√
P (λ2)∆Q(j
B
x |λ2), ...)
v = (
√
P (λ1)∆Q(j
B
y |λ1),
√
P (λ2)∆Q(j
B
y |λ2), ...), (3.28)
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and by using the Cauhy-Shwarz inequality
∆2inf (j
B
x |JAx )∆2inf (jBy |JAy ) ≥
∑
λ
P (λ)∆2Q(j
B
x |λ)
∑
λ′
P (λ′)∆2Q(j
B
y |λ′) (3.29)
≥
{∑
λ
P (λ)∆Q(j
B
x |λ)∆Q(jBy |λ)
}2
.
But in this ase the relevant unertainty relation is
∆Q(j
B
x |λ)∆Q(jBy |λ) ≥
1
2
|〈jBz |λ〉|, (3.30)
where 〈jBz |λ〉 represents the average of JBz over the quantum state ρBλ . By substituting
(3.30) in (3.29)
∆inf(j
B
x |JAx )∆inf(jBy |JAy ) ≥
1
2
∑
λ
P (λ)|〈jBz |λ〉|. (3.31)
Now note that further speifying the hidden variables annot derease the average of
the modulus of the mean, so that
∑
λ
P (λ)|〈jBz |λ〉| ≥
∑
jAz
P (jAz )|〈jBz |jAz 〉| ≥ |〈jBz 〉| (3.32)
and nally we arrive at the following theorem.
Theorem 3: The following inequality if violated for spatially separated sys-
tems A and B would demonstrate Bohm's EPR paradox
∆inf(j
B
x |JAx )∆inf(jBy |JAy ) ≥
∑
jAz
P (jAz )|〈jBz |jAz 〉|. (3.33)
We reiterate that the hoie of measuring JAx , for example, to infer j
B
x was purely
onventional. It will be the best hoie in a state of type (3.24), but nothing speial
hangs on whih partiular quantum observable atually orresponds to what we alled
JAx , J
A
y J
A
z . In a pratial situation one should hoose whihever observables optimise
the violation of (3.33). The observables at B, however, must atually orrespond to
three mutually orthogonal diretions, as the unertainty priniple used is only valid in
that situation.
We point out that, from (3.32), ∆inf (j
B
x |JAx )∆inf (jBy |JAy ) < |〈jBz 〉|/2 also signies the
EPR paradox, as shown by Bowen et al [BSBL02℄, who demonstrated this inequality
experimentally for Stokes operators [Kor07℄ that represent the polarisation of optial
elds. For the states (3.24), 〈jBZ 〉 = 0 and this latter form is not useful.
3.4 Criteria for the EPR-Bohm paradox 53
Figure 3.4: The extended EPR-Bohm senario. Alie and Bob are two spatially sepa-
rated observers who an perform one of four measurements (one of three "spin" om-
ponents or a total number measurement) available to eah of them.
The states (3.24) violate (3.33) and an be investigated experimentally using parametri
down onversion [LLHB01℄. We re-express (3.24) using Shwinger's formalism
|ψj〉 = 1
N !
√
N + 1
(a†+b
†
− − a†−b†+)N |0〉, (3.34)
where a± are boson operators for orthogonally-polarised eld modes of A, a similar set
is dened for B, j = N/2 (where here j represents the eigenvalues of J2 as in state
(3.24)) and |0〉 is the multi-mode vauum. We dene the Shwinger spin operators
JAx =
1
2
(
aˆ−aˆ
†
+ + aˆ
†
−aˆ+
)
JAy =
1
2i
(
aˆ−aˆ
†
+ − aˆ†−aˆ+
)
JAz =
1
2
(
aˆ†+aˆ+ − aˆ†−aˆ−
)
NA =
(
aˆ†+aˆ+ + aˆ
†
−aˆ−
)
. (3.35)
The situation of the EPR-Bohm setup is therefore extended with number measurements,
as in Fig. 3.4.
Fields a± and b± are spatially separated, and impinge on polarising beam splitters to
enable a measure of the photon number dierenes, JAz and J
B
z , the spin measurements
JAx/y, J
B
x/y being made with phase shifts that immediately preede the polariser.
A ase of experimental interest is j = 1/2, the Bell state, but with detetion eieny
η, so that there is a non-zero probability (1 − η) of photons not being deteted. The
outome of no detetion orresponds to 0 for both aˆ†+aˆ+ and aˆ
†
−aˆ− and hene 0 for J
A
θ
(similarly for JBφ ). Calulation reveals
∆2inf (j
B
x |jAx ) = ∆2inf (jBy |jAy ) = η(1− η2)/4 (3.36)
and ∑
jAz
P (jAz )|〈jBz |jAz 〉| = η2/2, (3.37)
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so the paradoxial orrelations are obtained where η > 0.62. This is onsistent with the
Werner state [Wer89℄
ρw = (1− ps) I
4
+ ps|ψ1/2 〉〈ψ1/2| (3.38)
(
I
4
is the maximally mixed density operator) whih yields the EPR paradox when ps >
0.62. Entanglement ours when, and only when, ps > 0.33, so the EPR paradox is
more diult to onrm [BSLR03, WJD07℄.
The states (3.34) an be generated using two parametri ampliers [CS78℄ as modelled
by the interation Hamiltonian
H = i~κ(a†+b
†
− − a†−b†+)− i~κ(a+b− − a−b+) (3.39)
Assuming the initial state to be a vauum, the solution after a time t is a superposition
of the (3.34). The preditions of a partiular |ψj〉 ould be tested by restriting to the
ensemble with a xed NB. Most interesting is the limit of large 〈NB〉. We therefore
propose to detet the Bohm-EPR orrelation using the full solution of H . For maro-
sopi systems, measurement of all the onditional probabilities an be diult. We
present an alternative Bohm-EPR riterion.
Theorem 4: Violation of the following inequality for spatially separated A
and B reveals an EPR paradox
∆2inf (j
B
x |JAx ) + ∆2inf (jBy |JAy ) + ∆2inf (jBz |JBz ) ≥
〈NB〉
2
(3.40)
The proof is analogous to that of (3.33), exept that we follow [Tot04, HT03℄ to write
a quantum unertainty relation
∆2jBx +∆
2jBy +∆
2jBz ≥ ∆2NB/4 + 〈NB〉/2. (3.41)
Inequality (3.40) is tested for (3.39), with detetion eieny η. The ∆2estj
B
θ of (3.26)
is dened for the linear estimate [Rei89℄ jBθ,est = gj
A
θ , where g = −〈jBθ jAθ 〉/〈jAθ jAθ 〉 to
minimise ∆2estj
B
θ , giving solutions
∆2estj
B
θ = 〈(jBθ )2〉−〈jBθ jAθ 〉2/〈(jAθ )2〉 = ηsinh2r(1−η2+2η(1−η)sinh2r)/2(1+ηsinh2r)
(3.42)
and
〈NB〉 = 2ηsinh2r, (3.43)
where r = |κ|t. Fig. 3.5 plots the minimum eieny η required for violation of (3.40),
to indiate a test of marosopi EPR for large 〈NB〉 and η > 0.66.
3.4 Criteria for the EPR-Bohm paradox 55
0 5 10 15 20 25 30
0.58
0.6
0.62
0.64
0.66
0.68
〈 NB 〉
η
min
Figure 3.5: Minimum detetion eieny for violation of (3.40) by (3.39) versus mean
photon number.
I should larify that inequalities (3.33) and (3.40) of Theorems 3 and 4 are both om-
pletely general and valid for arbitrary detetor eienies, and the expliit introdution
of the eienies η in the above disussions are to model what would happen in an exper-
imental situation. All that one needs for their experimental evaluation are the inferred
varianes (or their estimates), dened in (3.26), and either the probability distributions
P (jAz ) and onditional averages 〈jBz |jAz 〉 for (3.33) or the average 〈NB〉 and variane
∆2NB for (3.40). For the latter, a further lariation is needed that the inequality is
derived for arbitrary number distributions.
The existene of marosopi quantum superpositions [CR06℄ are implied by violation of
the EPR-Bohm inequality where 〈NB〉 is large6. Measurement of a tiny ∆2estjBz implies
the existene of large superpositions of the eigenstates |jBx 〉 of JBx (or JBy ), superpositions
6
Following [CR06℄ and the formalism to be presented in Chapter 5, we suppose ρ to be expressible
as a mixture of mirosopi superpositions of JBx and J
B
y only, so ρ =
∑
i Piρi =
∑
i Pi|ψi,S〉〈ψi,S |,
where eah |ψi,S〉 is a superposition of eigenstates |jBx 〉 of JBz separated by no more than S. For suh
ρi there is the onstraint ∆
2jBx ≤ S2/4; similarly ∆2jBy ≤ S2/4. For eah ρi (being a quantum state)
∆2inf j
B
z +∆
2jBy +∆
2jBx ≥ 〈NB〉/2 (see next paragraph), so ∆2inf jBz ≥ 〈NB〉/2−S2/2. This inequality
must also hold for the mixture ρ.
To prove the unertainty relation above, dene the redued state ρBjA
z
of B given result jAz for J
A
z ; its
variane for JBz is∆
2(JBz |jAz ). Now ρB = TrAρ =
∑
jA
z
P (jAz )ρ
B
jA
z
so∆2JBx/y ≥
∑
jA
z
P (jAz )∆
2(JBx/y|jAz ),
and sine ρBjA
z
is a quantum state satisfying∆2JBx +∆
2JBy +∆
2JBz ≥ 〈NB〉/2, we get ∆2infJBz +∆2JBx +
∆2JBy ≥
∑
jA
z
P (jAz )[
∑
I=x,y,z ∆
2(JBI |jAz )] ≥ 〈NB〉/2.
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Figure 3.6: Minimum size S of superpositions that may be inferred from violation of
(3.44) with the Hamiltonian of (3.39)versus mean photon number.
with a range in jBx of at least
S =
√
〈NB〉 − 2∆2estjBz , (3.44)
whih beomes ≈
√
η〈NB〉 for (3.39) with 〈NB〉 large (Fig. 3.6). I won't attempt to
explain this point in muh detail as it will be the subjet of Chapter 5.
Chapter 4
Continuous-Variables Bell inequalities
As we have seen in Chapter 3, Einstein, Podolsky and Rosen (EPR), in their famous
1935 paper [EPR35℄, demonstrated the inompatibility between the premises of loal
realism"
1
and the ompleteness of quantum mehanis. The original EPR paper used
ontinuous position and momentum variables, and relied on their ommutation rela-
tions, via the orresponding unertainty priniple. Bohm [Boh51℄ introdued, in 1951,
his version of the EPR paradox with spin observables. This was the version that was
used by Bell [Bel64℄ to prove his famous theorem showing that quantum mehanis pre-
dits results whih an rule out the whole lass of loal hidden variable (LHV) theories.
It is hard to overemphasise the importane of this result, whih has even been alled
the most profound disovery of siene [Sta77℄. However, the original Bell inequal-
ity, and all of its generalisations, are diretly appliable only to the ase of disrete
observables. The main purpose of this hapter is to lose the irle and derive a lass
of Bell-type inequalities appliable to ontinuous-variables (CV) orrelations, together
with multipartite generalisations.
4.1 Motivation
The last deades have witnessed the birth of whole new areas of enquiry, whih aim
to harness these non-lassial orrelations predited by Quantum Mehanis towards
information-proessing appliations. Bell inequality violations have been shown to be
relevant for quantum teleportation [Pop94, HHH96℄, quantum key distribution [Eke91,
SG01, AGMS04, BHK05, AGM06℄, and redution of ommuniation omplexity [BZPZ04℄.
However there are still many unanswered questions. Bell inequality violation was one
1
We have already seen in Chapters 2 and 3 what this term means and what assumptions partiularly
are needed for the EPR argument. Having that in mind, I will keep using the vague but popular
terminology "loal realism" for simpliity.
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thought to be equivalent to entanglement, until Werner [Wer89℄ showed that there are
entangled states that do not violate a large lass of Bell inequalities. Gisin [Gis91℄
proved that all bipartite pure entangled states violate the CHSH [CHSH69℄ inequality,
a result whih was generalised to the multipartite ase by Popesu and Rohrlih [PR92℄.
Later, Horodeki et al. [HHH95℄ devised an analyti riterion to determine whether a
mixed state of two qubits have a LHV desription. Apart from this simple ase, there
is no known general method to deide whether a quantum state violates some Bell
inequality.
For n parties, m measurements per party and o outomes, it is well-known that the
set of orrelations allowed by LHV theories an be represented as a onvex polytope,
a multi-dimensional geometrial struture formed by all onvex ombinations (linear
ombinations where the oeients are probabilities, i.e., they are non-negative and
sum to one) of a nite number of verties. The verties of this polytope are the lassial
pure states  the states with well-dened values for all variables [Pit89, Per99, Gis07℄.
The tight Bell inequalities are assoiated with the linear faets of the polytope. It
is a omputationally hard problem to list all Bell inequalities for given (n,m, o), and
full numerial haraterisations have been aomplished only for small values of those
parameters.
Nevertheless, some speial ases an be onsidered. One an derive lasses of Bell
inequalities whih are reursively dened in terms of those parameters. There are lasses
for (n, 2, 2) [Mer90, Ard92, BK93, WW01℄, (n, 3, 2) [Zuk06℄, (2, 2, o) [Mer80, CGL+02℄
and even (n, 2, o) [Cab02, SLK06℄, (n,m, 2) [Zuk93, LPZB04, NLP06℄ and (2, m, o)
[CG04℄. However, no lass of Bell inequalities has previously been derived without any
referene to the number o of outomes or to their bound. Any real experiment will
always yield a nite number of outomes but are there onstraints imposed by LHV
theories that are independent of any partiular disretisation, and an be expliitly
written even in the limit o→∞? This question goes beyond a hallenge proposed in a
reent paper by Gisin [Gis07℄, where he proposes a list of open questions regarding Bell
inequalities, whih was (in other words) to nd inequalities valid for arbitrary but xed
o.Our answer is yes; and the derivation is muh more straightforward than in the ase
of the usual Bell-type inequalities whih are restrited to a partiular set of outputs.
We derive a lass of inequalities for loal realism that diretly uses orrelations of
measurements, with no restrition to spin measurements or disrete binning. They
are not only valid for arbitrary but xed o, but they do not mention the number of
outomes o in their derivation at all. The new inequalities are remarkably simple. They
plae no restrition on the number of possible outomes, and the ontrast between
the lassial and quantum bounds involves ommutation relations in a entral way.
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They must be satised by any observations in a LHV theory, whether having disrete,
ontinuous or unbounded outomes. We an immediately re-derive previously known
Bell-type inequalities, obtaining at the same time their quantum-mehanial bounds
by onsidering the non-ommutativity of the observables involved. We also display
quantum states that diretly violate the new inequalities for ontinuous, unbounded
measurements, even in the marosopi, large n limit [Mer90, Dru83, Per99, Rei01℄. We
show that the new Bell violations survive the eets of nite generation and detetion
eieny. This is very surprising, in view of the many examples in whih deoherene
rapidly destroys marosopi superpositions [Zur03℄.
Apart from this intrinsi interest, these inequalities are relevant to an important si-
enti problem. No experiment has yet produed a Bell inequality violation without
introduing either loality or detetion loopholes. As emphasised by Gisin in his re-
ent artile [Gis07℄, "quantum nonloality is so fundamental for our world view that
it deserves to be tested in the most onvining way". One path towards this goal
is to use ontinuous-variables and eient homodyne detetion, whih allows muh
higher detetion eieny than is feasible with disrete spin or photo-detetion mea-
surements. A number of loop-hole free proposals exist in the literature, but they all
use Bell [LV95, GDR98, AMRS02, WHG
+
03, GPFC
+
04℄ or Hardy [YHS99℄ inequalities
with a dihotomi binning of the results (whih usually lead to small violations), or else
a parity or pseudo-spin approah [BW99, CPHZ02, SBK06℄ whih annot be realized
with eient homodyne detetion.
4.2 The variane inequality
We will fous on the orrelation funtions of observables for n sites or observers, eah
equipped with m possible apparatus settings to make their ausally separated mea-
surements. We onsider any real, omplex or vetor funtion F (X,Y,Z, . . .) of loal
observations Xi, Yi, Zi at eah site i, whih in an LHV theory are all funtions of hidden
variables λ. In a real experiment the dierent terms in F may not all be measurable at
one, beause they may involve dierent hoies of inompatible observables. The as-
sumption of loality enters the reasoning by requiring that the loal hoie of observable
does not aet the orrelations between variables at dierent sites, and therefore that
the averages are taken over the same hidden variable ensemble P (λ) for all terms. We
introdue averages over the LHV ensemble (there's no loss of generality in onsidering
deterministi LHVs, sine, aording to Fine's Theorem 2.8, a phenomenon violates
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loal ausality if and only if it violates loal determinism [Fin82℄),
〈F 〉 =
∫
P (λ)F (X (λ) ,Y (λ) ,Z (λ) , . . .) dλ. (4.1)
Our LHV inequality uses the simple result that any funtion of random variables has a
non-negative variane,
|〈F 〉|2 ≤ 〈|F |2〉. (4.2)
We an also give a bound
〈|F |2〉 ≤ 〈|F |2〉sup, (4.3)
where the subsript denotes the supremum (least upper bound), in whih produts of
inompatible observables are replaed by their maximum ahievable values. This is
neessary sine if we are not able to measure both Xi and Yi simultaneously, a general
LHV model ould predit any ahievable orrelation [SU07℄.
The same variane inequality applies to the orresponding Hermitian operator Fˆ in
quantum mehanis. While the observables at dierent sites ommute  they an be
simultaneously measured  those at the same site do not, so operator ordering must
be inluded. This enables us to see how quantum theory an violate the variane bound
for an LHV.
4.3 An example
As an example, we will apply this variane inequality to a well-known ase. Consider
two dihotomi observables Xi, Yi per site i, the outomes of whih are ±1. We dene
F1 ≡ X1, F ′1 ≡ Y1 , and then indutively onstrut [GBP98℄:
Fn ≡ 1
2
(Fn−1 + F ′n−1)Xn +
1
2
(Fn−1 − F ′n−1)Yn, (4.4)
where F ′n an be obtained from Fn by the exhange Xi ←→ Yi. In alulating F 2n
we'll keep trak of the loal ommutators just to make the ontrast with quantum
mehanis learer. For real random variables it is obvious that the ommutators are
zero; at a rst read one an just regard that as the at of an overzealous lassial
theorist. For real variables X, Y , the ommutator is dened in the same way as for the
orresponding operators, i.e., [X, Y ] ≡ XY − Y X . The anti-ommutator is dened by
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[X, Y ]+ ≡ XY + Y X . Then
F 2n =
1
4
{
(F 2n−1 + F
′2
n−1)(X
2
n + Y
2
n )
+ [Fn−1, F
′
n−1]+(X
2
n − Y 2n ) + (F 2n−1 − F ′2n−1)[Xn, Yn]+
−[Fn−1, F ′n−1][Xn, Yn]
}
. (4.5)
Sine Xˆ2n = Yˆ
2
n = 1, we an show that F
2
n = F
′2
n and
F 2n = F
2
n−1 −
1
4
[
Fn−1, F ′n−1
]
[Xn, Yn] . (4.6)
In a LHV theory, the term whih involves ommutators will be zero sine [X(λ), Y (λ)] =
X(λ)Y (λ) − Y (λ)X(λ) = 0. Hene by indution F 2n = F 21 = 1 and the variane
inequality (4.2) beomes:
− 1 ≤ 〈Fn〉 ≤ 1. (4.7)
This is the Mermin-Ardehali-Belinskii-Klyshko (MABK) [Mer90, Ard92, BK93℄ Bell
inequality, whih redues to the well-known Bell-CHSH [CHSH69℄ inequality for n = 2.
4.3.1 Quantum bound
We an now alulate the quantum mehanial bound by writing the variane inequality
(4.2) and substituting the funtions in (4.6) by their orresponding operators
〈
Fˆn
〉2
Q
≤ 〈Fˆ 2n〉Q = 〈Fˆ 2n−1 − 14[Fˆn−1, Fˆ ′n−1][Xˆn, Yˆn]〉Q
≤ ∥∥Fˆ 2n−1∥∥+ 14
∥∥[Fˆn−1, Fˆ ′n−1]∥∥∥∥[Xˆn, Yˆn]∥∥, (4.8)
where the norm ‖A‖ denotes the modulus of the maximum value of 〈Aˆ〉Q over all quan-
tum states. The norm of the seond ommutator has the bound ‖[Xˆn, Yˆn]‖ ≤ 2. It's easy
to show that [Fˆn, Fˆ
′
n] = Fˆ
2
n−1[Xˆn, Yˆn]+[Fˆn−1, Fˆ
′
n−1] and therefore ‖[Fˆn, Fˆ ′n]‖ ≤ 2‖Fˆ 2n−1‖+
‖[Fˆn−1, Fˆ ′n−1]‖ . Solving the reursion relation by noting that ‖Fˆ 21 ‖ = 12‖[Xˆ1, Yˆ1]‖ = 1
we nally arrive at the bound
〈Fˆn〉2Q ≤ 2n−1. (4.9)
This an be attained with the generalised GHZ states [GBP98℄, whih therefore violate
(4.2).
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4.4 Continuous-variables inequalities
Inspired by those results, we now demonstrate an LHV inequality that is diretly appli-
able to unbounded ontinuous variables, in partiular eld quadrature operators. The
hoie of the funtion Fn in (4.4) is not optimal though, sine the variane in general
involves inompatible operator produts that have no upper bound.
To overome this problem, onsider a omplex funtion Cn of the loal real observables
{Xk, Yk} dened as:
Cn = X˜n + iY˜n =
n∏
k=1
(Xk + iYk) , (4.10)
so that the modulus square only involves ompatible operator produts, i.e.
|Cn|2 =
n∏
k=1
(X2k + Y
2
k ). (4.11)
Applying the variane inequality to both X˜n and Y˜n, we nd that:
〈X˜n〉2 + 〈Y˜n〉2 ≤ 〈
n∏
k=1
(X2k + Y
2
k )〉 (4.12)
This is the main result of this hapter. Given the assumption of loal hidden variables,
this inequality must be satised for any set of observables Xk, Yk, regardless of their
spetrum.
4.4.1 Quantum violations
The fat that we have negleted the ommutators in deriving (4.12) hints that quantum
mehanis might predit a violation. We dene quadrature operators
Xˆk = aˆke
−iθk + aˆ†ke
iθk
Yˆk = aˆke
−i(θk+skpi/2) + aˆ†ke
i(θk+skpi/2), (4.13)
where aˆk, aˆ
†
k are the boson annihilation and reation operators at site k and sk ∈ {−1, 1}.
We now dene the operator
Zˆk ≡ Xˆk + iYˆk (4.14)
and note that it follows that Cˆn =
∏n
k=1 Zˆk. The denition of Yˆk allows for the hoie
of the relative phase with respet to Xˆk to be ±π/2. Depending on sk, for eah k either
Zˆk = 2aˆke
−iθk
or Zˆk = 2aˆ
†
ke
iθk
. Denoting Aˆk(1) = aˆk and Aˆk(−1) = aˆ†k, the term in the
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LHS of (4.12) in quantum mehanis is then
|〈
∏
k
Zˆk〉Q|2 = |2nei
P
k skθk〈
∏
k
Aˆk(sk)〉Q|2. (4.15)
The RHS beomes
〈
n∏
k=1
(X2k + Y
2
k )〉Q = 〈
n∏
k=1
(4aˆ†kaˆk + 2)〉Q (4.16)
regardless of the phase hoies. To violate (4.12) we must therefore nd a state that
satises
∣∣∣〈∏
k
Aˆk(sk)
〉
Q
∣∣∣2 > 〈∏
k
(
aˆ†kaˆk +
1
2
)〉
Q
, (4.17)
whih is surprisingly insensitive to relative phases between the quadrature measure-
ments at dierent sites.
This violation of a ontinuous variable Bell inequality an be realised within quantum
mehanis. Consider an even number of sites, hoosing sk = 1 for the rst half of them
and sk = −1 for the remaining. To maximise the LHS we need a superposition of terms
whih are oupled by that produt of annihilation/reation operators. One hoie is a
state of type
|ΨS〉 = c0 |0, . . . , 0, 1, . . . , 1〉+ c1 |1, . . . , 1, 0, . . . , 0〉 , (4.18)
where in the rst term the rst n/2 modes are oupied by zero photons and the
remaining by 1; onversely for the seond term. With that hoie of state the LHS of
(4.17) beomes |c0|2|c1|2, whih is maximised by |c0|2 = |c1|2 = 12 . The RHS is (32)
n
2 (1
2
)
n
2
independently of the amplitudes c0, c1. Dividing the LHS by the RHS, inequality (4.17)
beomes
1
4
(
4
3
)n
2 ≤ 1, whih is violated for n ≥ 10, and the violation grows exponentially
with the number of sites.
4.4.2 Feasibility
While setting up the homodyne detetors neessary for this observation is hallenging,
the omplexity of this task sales linearly with the number of modes. A more stringent
onstraint is most likely in the state preparation, but we an relate state (4.18) to a
lass of states of great experimental interest. They an be ahieved from a generalised
GHZ state of n/2 photons,
|GHZ(n)〉 = 1√
2
(|H〉⊗n2 + |V 〉⊗n2 ), (4.19)
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where |H〉 and |V 〉 respetively represent single-partile states of horizontal and verti-
al polarisation  by splitting eah mode with a polarising beam splitter. Therefore
violation of (4.12) an be observed in the ideal ase with a 5-qubit photon polarisation
GHZ state and homodyne detetion.
An interesting question is the eet of deoherene, both from state preparation error
[JCKL06℄ and detetor ineieny. The usual Bell-CHSH violations have an eieny
threshold [GM87℄ of 83%. This has not yet been ahieved for single-photon ounting.
Homodyne detetion is remarkably eient by omparison ([MAL
+
07℄ report up to
94.4%, for example). However, the eet of detetor eieny is easily inluded by
assuming that eah deteted photon mode is preeded by a beam splitter with intensity
transmission η < 1. This hanges both the LHS and RHS, so that the inequality
beomes
4η2
2η+1
≤ 42/n, giving a threshold eieny requirement of η > ηmin, where
ηmin = (1 +
√
1 + 41−2/n)/41−2/n. (4.20)
This redues at large n to an asymptoti value of η∞ = 0.80902. Unexpetedly, the
Bell violation (whih signies a quantum superposition) is less sensitive to detetor
ineieny in the marosopi, large n limit. The minimum detetor eieny ηn at
nite n is plotted in Fig. 1, together with the minimum state preparation delity ǫmin
in the ase of ideal detetors, where we model the density matrix as
ρˆ = ǫ|ΨS〉〈ΨS|+ (1− ǫ)Iˆ . (4.21)
4.5 No-go proof for rst-moment orrelation C.V. Bell
inequalities
We will nally prove that there are no LHV inequalities possible if one onsiders only
the rst-moment orrelations between ontinuous variables in dierent sites. We will
show this expliitly for the simplest ase and indiate how to generalise to arbitrary
numbers of parties and settings. Consider rst n = 2 parties, Alie and Bob, eah
of whih an hoose between m = 2 observables: Xa, Ya for Alie and Xb, Yb for Bob.
Eah measurement yields an outome in the real numbers. The rst-moment orrelation
funtions for eah of the 4 possible ongurations are just the averages 〈XaXb〉, 〈XaYb〉,
〈YaXb〉, 〈YaYb〉. Given those 4 experimental outomes, an we nd a loal hidden
variable model whih reprodues them?
4.5 No-go proof for rst-moment orrelation C.V. Bell inequalities 65
10 15 20 25 30 35 40
0
0.2
0.4
0.6
0.8
1
n
η m
in
,
 
ε m
in
Figure 4.1: Minimum state preparation delity ǫmin for ideal detetors (solid line), and
minimum detetion eieny ηmin for ideal state preparation (dashed line) required for
violation of (4.12) as a funtion of the number of modes. The asymptoti value of ηmin
is indiated by the dash-dotted line.
We onstrut an expliit example. Consider a hidden-variable state S where the hidden
variables are the measured values X, Y, in an equal mixture of four lassial pure states
Sk = (Xa, Ya, Xb, Yb)k dened by
S1 = 2 (1, 0, 〈XaXb〉, 0)
S2 = 2 (1, 0, 0, 〈XaYb〉)
S3 = 2 (0, 1, 〈YaXb〉, 0)
S4 = 2 (0, 1, 0, 〈YaYb〉).
(4.22)
Eah of the states Sk assigns a nonzero value to only one of the 4 orrelation funtions.
Sine the probability of eah of the states in the equal mixture is 1/4, we have for
example 〈XaXb〉S = 14
∑
i〈XaXb〉Si = 〈XaXb〉.
Satisfying the two-site orrelations using the state S dened by (4.22) leaves us with
unontrolled values for the single-site orrelations, for instane 〈Xb〉S = 12(〈XaXb〉 +
〈YaXb〉). One might objet to the fat that this is not equal to 〈Xb〉 in general. However,
we may orret these lower order orrelations by adding four more states (S5 to S8) and
hanging the prefators multiplying S1 to S4 to ompensate for their redued weight in
the equal mixture. Cruially, adding these extra states to S in this manner does not
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modify the values of orrelations suh as 〈XaXb〉. As an example, we exhibit the state
S5 = 8 (0, 0, 〈Xb〉 − (〈XaXb〉+ 〈YaXb〉)/
√
8, 0), (4.23)
whih orrets the single expetation value 〈Xb〉S to 〈Xb〉.
The proof generalises easily to arbitrary n and m. In that ase, there are mn possible
ombinations of measurements whih yield n-site orrelations. Denoting the jth observ-
able at site i byXji , eah ombination is speied by a sequene of indies (j1, j2, . . . , jn).
For eah ombination of measurements, we dene a hidden variable state whih assigns
nonzero values only to the variables whih appear in the assoiated orrelation funtion
〈∏ni=1Xjii 〉. In analogy to the example above, we an always hoose the values of the
hidden variables assoiated to Xjii suh that their produt is equal to m
n〈∏ni=1Xjii 〉.
Sine all other mn − 1 states dened in this way will give a value of zero to this parti-
ular orrelation funtion, and given that the probability assoiated with eah of those
states is 1/mn, we reprodue all orrelations as desired. As indiated in the example,
additional rst moment orrelations involving less than n sites an be inluded in the
LHV model by adding additional states to S in a way whih doesn't aet the n-site
orrelations. Thus, any possible observation of rst moment orrelations may be ex-
plained using a LHV model, and hene these orrelations alone annot violate any Bell
inequality. In other words, the minimum requirement for a orrelation Bell inequality
with ontinuous, unbounded variables, is to use not just the rst but also the seond
moments at eah site.
4.6 Conluding remarks
In onlusion, in this hapter we have derived a new lass of Bell-type inequalities valid
for ontinuous and unbounded experimental outomes. We have shown that the same
proedure allows one to derive the MABK lass of Bell inequalities and their orrespond-
ing quantum bounds. That derivation makes it expliit that non-zero ommutators 
assoiated with the inompatibility of the loal observables  are the essential ingre-
dient responsible for the disrepany between quantum mehanis and loal hidden
variable theories. The new Bell-type inequality derived here an be diretly applied to
ontinuous variables without the need for a spei binning of the measurement out-
omes. Surprisingly, quantum mehanis predits exponentially inreasing violations
of the inequality for marosopially large numbers of sites, even inluding realisti
deoherene eets like ineient state preparation, and a detetor loss at every site.
Chapter 5
Generalised Marosopi
Superpositions
5.1 Introdution
Sine Shrödinger's seminal essay of 1935 [Sh35℄, in whih he introdued his famous
at paradox, there has been a great deal of interest and debate on the subjet of the
existene of a superposition of two marosopially distinguishable states. This issue is
losely related to the so-alled measurement problem [Zur91℄. Some attempts to solve
this problem, suh as that of Ghirardi, Rimini, Weber and Pearle [GRW86, GPR90℄,
introdue modied dynamis that ause a ollapse of the wave funtion, eetively
limiting the size of allowed superpositions.
It thus beomes relevant to determine whether a superposition of states with a er-
tain level of distinguishability an exist experimentally [MSPB03℄. Evidene [BHU
+
02,
BHD
+
96, FPC
+
00, RBH01, MMKW96, AMM
+
03, DMSS05, OTBLG06℄ for quantum
superpositions of two distinguishable states has been put forward for a range of dierent
physial systems inluding SQUIDs, trapped ions, optial photons and photons in mi-
rowave high-Q avities. Signatures for the size of superpositions have been disussed
by Leggett [Leg02℄ and, more reently, by Korsbakken et al [JIKC07℄. Theoretial work
suggests that the generation of a superposition of two truly marosopially distint
states will be greatly hindered by deoherene [CL85, Zur03℄.
In a reent paper [CR06℄, we suggested to broaden the onept of detetion of maro-
sopi superpositions, by fousing on signatures that onrm, for some experimental
instane, a failure of mirosopi/mesosopi superpositions to predit the measured
statistis. This approah is appliable to a broader range of experimental situations
based on marosopi systems, where there would be a marosopi range of outomes
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for some observable, but not neessarily just two that are marosopially distint.
Reent work by Marquardt et al [MAL
+
07℄ reports experimental appliation of this
approah.
The paradigmati example [Leg84, LG85, BHD
+
96, MMKW96, FPC
+
00, RBH01,
BHU
+
02, AMM
+
03, DMSS05, OTBLG06℄ of a marosopi superposition involves two
states ψ+ and ψ−, marosopially distint in the sense that the respetive outomes
of a measurement xˆ fall into regions of outome domain, denoted + and −, that are
marosopially dierent. We argue in [CR06℄ that a superposition of type
ψ+ + ψ0 + ψ−, (5.1)
that involves a range of states but with only some pairs (in this ase ψ+and ψ−)
marosopially distint must also be onsidered a type of marosopi superposition
(we all these generalised marosopi superpositions), in the sense that it displays
a nonzero o-diagonal density matrix element 〈ψ+|ρ|ψ−〉, onneting two marosop-
ially distint states, and hene annot be onstruted from mirosopi superposi-
tions of the basis states of xˆ. Suh superpositions [Mer80, Dru83, Per92, RMDM02℄
are predited to be generated in ertain key marosopi experiments, that have on-
rmed ontinuous-variable [OPKP92, ZWL
+
00, SLW
+
01, BSBL02, SSP02, BSLR03,
JDV
+
03, JDB
+
04, LCK
+
05, CDH
+
06, SYK
+
06℄ squeezing and entanglement, spin
squeezing and entanglement of atomi ensembles [JKP01, JSC
+
04℄, and entanglement
and violations of Bell inequalities for disrete measurements on multi-photon systems
[DM98, LBS
+
04, RRH
+
04, LLHB01℄.
We derive riteria for the detetion of the generalised marosopi (or S-sopi) su-
perpositions using ontinuous variable measurements. These riteria onrm that a
marosopi system annot be desribed as any mixture of only mirosopi (or s-sopi,
where s < S) quantum superpositions of eigenstates of xˆ. We show how to apply the
riteria to detet generalised S-sopi superpositions in squeezed and entangled states
that are of experimental interest.
The generalised marosopi superpositions still hold interest from the point of view of
Shrödinger's disussion [Sh35℄ of the apparent inompatibility of quantum mehanis
with marosopi realism. This is so beause suh superpositions annot be represented
as a mixture of states whih give outomes for xˆ that always orrespond to one or other
(or neither) of the marosopially distint regions + and −. The quantum mehanial
paradoxes assoiated with the generalised marosopi superposition (5.1) have been
disussed in previous works [CR06, Mer80, Dru83, RC05, CR07℄.
The riteria derived in this hapter take the form of inequalities. Their derivation
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utilises the unertainty priniple and the assumption of ertain types of mixtures. In
this respet they are similar to riteria for inseparability that have been derived by
Duan et al. and Simon [DGCZ00, Sim00℄ and Hofmann and Takeuhi [HT03℄. Rather
than testing for failure of separable states, however, they test for failure of a phase spae
marosopi separability, where it is assumed that a system is always in a mixture
(never a superposition) of marosopially separated states.
We will note that one an be more general in the derivation of the inequalities, adopt-
ing the approah of Leggett and Garg [LG85℄ to dene a marosopi reality with-
out referene to any quantum onepts. One may onsider a whole lass of theories,
whih we refer to as the minimum unertainty theories (MUT) and to whih quan-
tum mehanis belongs, for whih the unertainty relations hold and the inequalities
therefore follow, based on this marosopi reality. The experimental onrmation of
violation of these inequalities will then lead to demonstration of a new type of Einstein-
Podolsky-Rosen argument (or paradox) [EPR35℄, in whih the inonsisteny of a type
of marosopi (S-sopi) reality with the ompleteness of quantum mehanis is re-
vealed [CR06, RC05℄. A diret analogy exists with the original EPR argument, whih
is a demonstration of the inompatibility of loal realism with the ompleteness of
quantum mehanis [Rei03, Wis06, RDB
+
℄. In our ase, the inonsisteny of the om-
pleteness of quantum mehanis is shown to be with a marosopi reality rather than
the loal reality of the original EPR argument.
5.2 Generalised S-sopi Coherene
We introdue in this Setion the onept of a generalised S-sopi oherene [CR06℄,
whih we dene in terms of failure of ertain types of mixtures. In the next Setion, we
link this onept to that of the generalised S-sopi superpositions (5.1).
We onsider a system whih is in a statistial mixture of two omponent states. For
example, if one attributes probabilities ℘1 and ℘2 to underlying quantum states ρ1 and
ρ2, respetively (where ρi denotes a quantum density operator), then the state of the
system will be desribed as a mixture, whih in quantum mehanis is represented as
ρ = ℘1ρ1 + ℘2ρ2. (5.2)
This an be interpreted as "the state is either ρ1 with probability ℘1, or ρ2 with
probability ℘2". The probability for an outome x of any measurable physial quantity
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xˆ an be written, for a mixture of the type (5.2), as
P (x) = ℘1P1(x) + ℘2P2(x), (5.3)
where Pi(x) (i = 1, 2) is the probability distribution of x in the state ρi.
More generally, in any physial theory, the speiation of a state ρ (where here ρ is
just a symbol to denote the state, but not neessarily a density matrix) fully speies
the probabilities of outomes of all experiments that an be performed on the system.
If we then have with probability ℘1 a state ρ1 whih predits for eah observable xˆ a
probability distribution P1(x) and with probability ℘2 a seond state whih predits
P2(x), then the probability distribution for any observable xˆ given suh mixture is of
the form (5.3).
The onept of oherene an now be introdued.
Denition 1: The state of a physial system displays oherene between
two outomes x1 and x2 of an observable xˆ i the state ρ of the system
annot be onsidered a statistial mixture of some underlying states ρ1
and ρ2, where ρ1 assigns probability zero for x2 and ρ2 assigns probability
zero for x1.
This denition is independent of quantum mehanis. Within quantum mehanis it
implies that the quantum density matrix representing the system annot be deomposed
in the form (5.2). Thus, for example, ρ = 1√
2
(|ψ+〉〈ψ+|+|ψ−〉〈ψ−|), where |ψ±〉 = [|x1〉±
|x2〉]/
√
2, does not display oherene between x1 and x2 beause it an be rewritten to
satisfy (5.2). The denition will allow a state to be said to have oherene between x1
and x2 if and only if there is no possible ensemble deomposition of that state whih
allows an interpretation as a mixture (5.2), so that the system annot be regarded as
being in one or other of the states that an generate at most one of x1 or x2.
We next dene the onept of generalised S-sopi oherene.
Denition 2: We say that the state displays generalised S-sopi o-
herene i there exist x1 and x2 with x2 − x1 ≥ S (we take x2 > x1),
suh that ρ displays oherene between outomes x ≤ x1 and x ≥ x2.
This oherene will be said to be marosopi when S is marosopi.
If there is no generalised S-sopi oherene, then the system an be desribed as a
mixture (5.2) where now states ρ1 and ρ2 assign nonzero probability only for x < x2
and x > x1 respetively. This situation is depited in Fig. 5.1.
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Figure 5.1: Probability distribution for outomes x of measurement xˆ. If x1 and x2
are marosopially separated, then we might expet the system to be desribed as the
mixture (5.2), where ρ1 enompasses outomes x < x2, and ρ2 enompasses outomes
x > x1. This means an absene of generalised marosopi oherene, as dened in
Setion 5.2.
An important lariation is needed at this point. It is learly a vague matter to
determine when S is marosopi. What is important is that we are able to push the
boundaries of experimental demonstrations of S-sopi oherene to larger values of
S. We will keep the simpler terminology, but the reader might want to understand
marosopi as S-sopi throughout the text.
Generalised marosopi oherene amounts to a loss of what we will all a generalised
marosopi reality. The simpler form of marosopi reality that involves only two
states marosopially distint has been disussed extensively by Leggett [Leg84, LG85℄.
This simpler ase would be appliable to the situation of Fig. 1 if there were zero prob-
ability for result in the intermediate region x1 < x < x2. Marosopi reality in this
simpler situation means that the system must be in one or other of two marosopially
distint states, ρ1 and ρ2, that predit outomes in regions x ≤ x1 and x ≥ x2, respe-
tively. The term marosopi reality is used [LG85℄ beause the denition preludes
that the system an be in a superposition of two marosopially distint states prior to
measurement. Generalised marosopi reality applies to the broader situation, where
probabilities for outomes x1 < x < x2 are not zero, and means that where we have
two marosopially separated outomes x1 and x2, the system an be interpreted as
being in one or other of two states ρ1 and ρ2, that an predit at most one of x1 or x2.
Again, the term marosopi reality is used, beause this denition preludes that the
system is a superposition of two marosopially separated states that give outomes
x1 and x2 respetively.
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We note that Leggett and Garg [LG85℄ dene a marosopi reality in whih they do
not restrit to quantum states ρ1 and ρ2, but allow for a more general lass of theories
where ρ1 and ρ2 an be hidden variable states of the type onsidered by Bell [Bel64℄.
Suh states are not restrited by the unertainty relation that would apply to eah
quantum state, and hene the assumption of marosopi reality as applied to these
theories would not lead to the inequalities we derive in this hapter. This point will be
disussed in Setion 5.4, but the reader should note the denition of S-sopi oherene
within quantum mehanis means that ρ1 and ρ2 are quantum states.
5.3 Generalised marosopi and S-sopi quantum
Superpositions
We now link the denition of generalised marosopi oherene to the denition of
generalised marosopi superposition states [CR06℄. Generally we an express ρ as a
mixture of pure states |ψi〉. Thus
ρ =
∑
i
℘i|ψi〉〈ψi|, (5.4)
where we an expand eah |ψi〉 in terms of a basis set suh as the eigenstates |x〉 of xˆ:
thus |ψi〉 =
∑
x cx|x〉, the cx being probability amplitudes.
Theorem A: The existene of oherene between outomes x1 and x2 of an observable
xˆ is equivalent, within quantum mehanis, to the existene of a nonzero o-diagonal
element in the density matrix, i.e, 〈x1| ρ |x2〉 6= 0.
Proof: The proof is given in Appendix A. 
Theorem B: In quantum mehanis, there exists oherene between outomes x1 and
x2 of an observable xˆ i in any deomposition (B.1) of the density matrix, there is a
nonzero ontribution from a superposition state of the type
|ψS〉 = cx1 |x1〉+ cx2 |x2〉+
∑
x 6=x1,x2
cx |x〉 (5.5)
with cx1,cx2 6= 0.
Proof : If eah |ψi〉 annot be written in the spei form (5.5), then eah |ψi〉〈ψi| is
either of form ρ1 or ρ2, so that we an write ρ as the mixture (5.2). Hene the existene
of oherene, whih implies ρ annot be written as (5.2), implies the superposition
must always exist in (B.1). The onverse is also true: if the superposition exists in any
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deomposition, then there exists an irreduible term in the deomposition that assigns
nonzero probabilities to both x1 and x2, and therefore the density matrix annot be
written as (5.2). 
We say that a generalised S-sopi superposition of states |x1〉 and |x2〉 exists when
any deomposition (B.1) must ontain a nonzero probability for a superposition (5.5),
where x1 and x2 are separated by at least S. Throughout this hapter, we dene the
size S of the generalised superposition
|ψ〉 =
∑
k
ck|xk〉 (5.6)
(where |xk〉 are eigenstates of xˆ and eah ck 6= 0) to be the range of its predition for
xˆ, this range being the maximum value of |xk − xj| where |xk〉 and |xj〉 are any two
omponents of the superposition (5.6) (so ck,cj 6= 0).
From the above disussions it follows that within quantum mehanis, the existene
of generalised S-sopi oherene between x1 and x2 (here |x2 − x1| = S) implies the
existene of a generalised S-sopi superposition of type (5.5), whih an be written as
|ψ〉 = c−ψ− + c0ψ0 + c+ψ+, (5.7)
where the quantum state ψ− assigns some nonzero probability only to outomes smaller
than or equal to x1, the quantum state ψ+ assigns some nonzero probability only to
outomes larger than or equal to x2, and the state ψ0 assigns nonzero probabilities only
to intermediate values satisfying x1 < x < x2. Where S is marosopi, expression (5.7)
depits a generalised marosopi superposition state. In this ase then, only the states
ψ− and ψ+ are neessarily marosopially distint. We regain the traditional extreme
marosopi quantum state c−ψ− + c+ψ+ when c0 = 0.
5.4 Minimum Unertainty Theories
We now follow a proedure similar to that used to derive riteria useful for the on-
rmation of inseparability [DGCZ00℄. The underlying states ρ1 and ρ2 omprising the
mixture (5.2) are themselves quantum states, and so eah will satisfy the quantum
unertainty relations with respet to omplementary observables. This and the as-
sumption of (5.2) will imply a set of onstraints. The violation of any one of these is
enough to onrm the observation of a generalised marosopi oherene- that is, of a
generalised marosopi superposition of type (5.7).
While our spei aim is to develop riteria for quantum marosopi superpositions,
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we present the derivations in as general a form as possible to make the point that ex-
perimental violation of the inequalities would imply not only a generalised marosopi
oherene in quantum theory, but a failure of the assumption (5.3) in all theories whih
plae the system in a probabilisti mixture of two states, whih we designate by ρ1 and
ρ2, and for whih the appropriate unertainty relation holds for eah of the states. In
this sense, our approah is similar to that of Bell [Bel64℄, exept that the assumption
used here of minimum unertainties for outomes of measurements would be regarded
as more restritive than the general hidden variable theories onsidered by Bell.
We make this point more spei by dening a whole lass of theories, whih we refer to
as the Minimum Unertainty Theories (MUT), that embody the assumption that any
state ρ within the theory will predit the same unertainty relation for the varianes
of two inompatible observables xˆ and pˆ as is predited by quantum mehanis. This
is a priori not an unreasonable thing to postulate for a theory that may dier from
quantum mehanis in the marosopi regime but agree with all the observations in
the well-studied mirosopi regime. Here we will fous on pairs of observables, like
position and momentum, for whih the unertainty bound is a real number, whih with
the use of saling and hoie of units will be set to 1, so we an write the an unertainty
relation assumed by all MUT's as
∆2x∆2p ≥ 1, (5.8)
where ∆2x and ∆2p are the varianes of x and p respetively. This is Heisenberg's un-
ertainty relation, and quantum mehanis is learly a member of MUT. Other quantum
unertainty relations that will be speially used in this hapter inlude
∆2x+∆2p ≥ 2, (5.9)
whih follows from (5.8) and has been useful in derivation of inseparability riteria
[DGCZ00℄.
5.5 Signatures for generalised S-sopi superpositions:
Binned domain
In this Setion we will derive inequalities that follow if there are no s-sopi superpo-
sitions (where s > S), so that violation of these inequalities implies existene of an
S-sopi superposition (or oherene), as dened in Setions 5.2 and 5.3. The approah
is similar to that often used to detet entangled states. Separability implies inequalities
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Figure 5.2: Probability distribution for a measurement xˆ . We bin results to give three
distint regions of outome: 0, −1,+1.
suh as those derived by Duan et al. and Simon [DGCZ00, Sim00℄, and their violation
thus implies existene of entanglement. This approah has been used to experimentally
onrm entanglement, as desribed in referene [BSLR03℄, among others. An experi-
mental desription of the approah we use here has also been outlined by Marquardt et
al. [MAL
+
07℄.
We onsider two types of riteria for the detetion of a generalised marosopi super-
position (or oherene). The rst, of the type onsidered in [CR06℄, will be onsidered
in this setion and uses binned outomes to demonstrate a generalised S-sopi super-
position of states ψ+ and ψ− that predit outomes in speied regions denoted +1 and
−1 respetively (Fig. 2), where these regions are separated by a minimum distane S.
We expand on some earlier results of [CR06℄ for ompleteness and also introdue new
riteria of this type.
5.5.1 Single system
Consider a system A and a marosopi measurement xˆ on A, the outomes of whih
are spread over a marosopi range. We partition the domain of outomes x for
this measurement into three regions, labelled l = −1, 0, 1 for the regions x ≤ −S/2,
−S/2 < x < S/2, x ≥ S/2, respetively. The probabilities for outomes to fall in those
regions are denoted ℘−, ℘0 and ℘+, respetively (Fig. 2).
If there is no generalised S-sopi oherene then there is no oherene between out-
omes in l = 1 and l = −1, and the state of system A an be written as
ρmix = ℘LρL + ℘RρR, (5.10)
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where ρL predits outomes in the region x < S/2, ρR predits outomes in the region
x > −S/2, and ℘L and ℘R are their respetive probabilities. The assumption of this
mixture (5.10) implies
P (y) = ℘LPL(y) + ℘RPR(y). (5.11)
Here y is the outome of some measurement that an be performed on the system, and
PR/L(y) is the probability for a result y when the system is speied as being in state
ρR/L. Where the measurement performed is xˆ, so y = x, there is the onstraint on
(5.11) so that PR(x) = 0 for x ≤ −S/2 and PL(x) = 0 for x ≥ S/2.
Now onsider an observable pˆ (with outomes p) inompatible with xˆ, suh that the
varianes are onstrained by the unertainty relation ∆2x∆2p ≥ 1. Our goal is to
derive inequalities from just two assumptions: rstly, that xˆ and pˆ are inompatible
observables of quantum mehanis (or of a MinimumUnertainty Theory), so the uner-
tainty relation holds for both ρR/L; and, seondly, that there is no generalised S-sopi
oherene.
Violation of these inequalities will imply that one of these assumptions is false. Within
quantum mehanis, for whih the rst assumption is neessarily true, that would imply
the existene of a generalised marosopi superposition of type (5.7) with outomes x1
and x2 separated by at least S.
If the quantum state is of form (5.10) or if the theory satises (5.11), then
∆2p ≥ ℘L∆2Lp+ ℘R∆2Rp, (5.12)
where ∆2p, ∆2Lp and ∆
2
Rp are the varianes of p in the states ρmix, ρL and ρR, re-
spetively. This follows simply from the fat the variane of a mixture annot be
less than the average variane of its omponent states. Speially, if a probabil-
ity distribution for a variable z is of the form P (z) =
∑N
i=1 ℘iP (z), then ∆
2z =∑N
i=1 ℘i∆
2
i z +
1
2
∑
i 6=i′ ℘i℘i′(〈z〉i − 〈z〉i′)2.
We an now, using (5.12) and the Cauhy-Shwarz inequality, derive a bound for a
partiular funtion of varianes that will apply if the system is desribable as (5.10)
(℘L∆
2
Lx+ ℘R∆
2
Rx)∆
2p ≥ [
∑
i=L,R
℘i∆
2
ix][
∑
i=L,R
℘i∆
2
i p]
≥ [
∑
i=L,R
℘i∆ix∆ip]
2
(5.13)
≥ 1.
The left hand side is not diretly measurable, sine it involves varianes of xˆ in two
states whih have overlapping ranges of outomes. We must derive an upper bound for
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∆2L/Rx in terms of measurable quantities. For this we partition the probability distri-
bution PR(x) aording to the outome domains l = 0, 1, into normalised probability
distributions PR0(x) ≡ PR(x|x < S/2), and P+(x) ≡ PR(x|x ≥ S/2):
PR(x) = ℘R0PR0(x) + ℘R+P+(x). (5.14)
Here ℘R+ =
∫∞
S/2
PR(x)dx = ℘+ and ℘R0 =
∫ S/2
0
PR(x)dx. It follows that ∆
2
Rx =
℘R0∆
2
R0x + ℘R+∆
2
+x + ℘R0℘R+(µ+ − µR0)2, where µ+(∆2+x) and µR0 (∆2R0x) are the
averages (varianes) of P+(x) and PR0(x), respetively. Using the bounds ℘R0 ≤
℘0/(℘0 + ℘+), ∆
2
R0x ≤ S2/4, ℘R+ ≤ 1 and 0 ≤ µ+ − µR0 ≤ µ+ + S/2, we derive
∆2Rx ≤ ∆2+x+
℘0
℘0 + ℘+
[(S/2)2 + (µ+ + S/2)
2] (5.15)
and, by similar reasoning,
∆2Lx ≤ ∆2−x+
℘0
℘0 + ℘−
[(S/2)2 + (µ− − S/2)2]. (5.16)
Here µ± and ∆2±x are the mean and variane of the measurable P±(x), whih, sine the
only ontributions to the regions + and - are from PR(x) and PL(x) respetively, are
dened as the normalised + and − parts of P (x), so that P+(x) ≡ P (x|x ≥ S/2) and
P−(x) ≡ P (x|x ≤ −S/2). We substitute (5.15) in (5.13), and use ℘0 + ℘+ ≥ ℘R and
℘0 + ℘− ≥ ℘L to derive the nal result whih is expressed in the following theorem.
Theorem 1: The assumption of no generalised S-sopi oherene between outomes in
regions +1 and −1 of Fig. 2 (or, equivalently, of no generalised S-sopi superpositions
involving two states ψ− and ψ+ prediting outomes for xˆ in the respetive regions +1
and −1) will imply the unertainty relations
(∆2avex+ ℘0δ)∆
2p ≥ 1 (5.17)
and
∆2avex+∆
2p ≥ 2− ℘0δ, (5.18)
where we dene ∆2avex = ℘+∆
2
+x + ℘−∆
2
−x and δ ≡ {(µ+ + S/2)2 + (µ− − S/2)2 +
S2/2} + ∆2+x + ∆2−x. Thus, the violation of either one of these inequalities implies
the existene of a generalised S-sopi quantum superposition, and in this ase the
superposition involves states ψ+ and ψ− prediting outomes for xˆ in regions +1 and
−1, of Fig. 2, respetively.).
As illustrated in Fig.2, the ∆2±x and µ± are the variane and mean of P±(x), the
normalised distribution over the domain l = ±1. ℘± is the total probability for a
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result x in the domain l = ±1, while ℘0 = 1 − (℘+ + ℘−). The measurement of
the probability distributions for xˆ and pˆ are all that is required to determine whether
violation of the inequality (5.17) or (5.18) ours. Where xˆ and pˆ orrespond to optial
eld quadratures, suh distributions have been measured, for example, by Smithey et
al [SBRF93℄.
Proof : The assumption of no suh generalised S-sopi superposition implies (5.10).
We have proved that (5.17) follows. To prove (5.18), we start from (5.10) and the
unertainty relation (5.9), and derive a bound that will apply if the system is de-
sribable as (5.10): (℘L∆
2
Lx + ℘R∆
2
Rx) + ∆
2p ≥ [∑i=L,R ℘i∆2ix] + [∑i=L,R ℘i∆2i p] ≥
[
∑
i=L,R ℘i[∆
2
ix+∆
2
i p] ≥ 2. Using (5.15), (5.16) and ℘0 + ℘+ ≥ ℘R and ℘0 + ℘− ≥ ℘L
we get the nal result. 
5.5.2 Bipartite systems
One an derive similar riteria where we have a system omprised of two subsystems A
and B. In this ase, a redued variane may be found in a ombination of observables
from both subsystems. A ommon example is where there is a orrelation between the
two positions XA and XB of subsystems A and B respetively, and also between the
two momenta PA and PB. Suh orrelation was disussed by Einstein, Podolsky and
Rosen [EPR35℄ and is alled EPR orrelation. If a suiently strong orrelation exists,
it is possible that both the position dierene XA−XB and the momenta sum PA+PB
will have zero variane.
Where we have two subsystems that may demonstrate EPR orrelation, we may on-
strut a number of useful omplementary measurements that may reveal generalised
marosopi superpositions. The simplest situation is where we again onsider super-
positions with respet to the observable XA of system A. Complementary observables
inlude observables of the type
P˜ = PA − gPB, (5.19)
where g is an arbitrary onstant and PB is an observable of system B. We denote the
outomes of measurements XA, PA, PB, P˜ by the lower ase symbols xA, pA, pB, p˜
respetively. The Heisenberg unertainty relation is
∆2xA∆2inf,Lp
A = ∆2xA∆2p˜ ≥ 1. (5.20)
We have introdued ∆2inf,Lp
A = ∆2p˜ so that a onnetion is made with notation used
previously in the ontext of demonstration of the EPR paradox [Rei89, RDB
+
℄. More
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generally [Rei03, RDB
+
℄, we dene an inferene variane
∆2infp
A =
∑
pB
P (pB)∆2(pA|pB), (5.21)
whih is the average onditional variane for PA at A given a measurement of PB at B.
The ∆2(pA|pB) are the varianes of the onditional probability distributions P (pA|pB).
We note that ∆2inf,Lp
A
is the linear regression estimate of ∆2infp
A
, but that we have
∆2infp
A = ∆2inf,Lp
A
for the ase of Gaussian states [RDB
+
℄. The unertainty relation
∆2xA∆2infp
A ≥ 1 (5.22)
and also ∆2pA∆2infx
A ≥ 1, holds true for all quantum states [CR07℄, so that we an
interhange ∆2infp
A
with ∆2inf,Lp
A
in the proofs and theorems below.
Theorem 2: Where we have a system omprised of subsystems A and B, the absene
of generalised S-sopi superpositions with respet to the measurement XA implies
(∆2avex
A + ℘0δ)∆
2
infp
A ≥ 1. (5.23)
∆2avex
A
, ℘0 and δ are dened as for Theorem 1 for the distribution P (x
A). ∆2infp
A
is
dened by (5.21) and involves measurements performed on both systems A and B. The
inequality (5.23) also holds replaing ∆2infp
A
with ∆2inf,Lp
A
whih is dened by (5.20).
Thus violation of (5.23) implies the existene of the generalised S-sopi superposition,
involving states prediting outomes for XA in regions +1 and −1.
Proof : The proof follows in idential fashion to that of Theorem 1, exept in this
ase the ρL and ρR of (5.10) are states of the omposite system, and there is no on-
straint on these exept that the domain for outomes of XA is restrited as speied
in the denition of ρR/L. The expansion (B.1) for the density matrix as a mixture is
ρ =
∑
r ℘r|ψr〉〈ψr| where now ψr =
∑
i,j ci,j|xi〉A|xj〉B, |xj〉B being eigenstates of an ob-
servable of system B that form a basis set for states of B. The generalised superposition
(5.5) thus beomes in this bipartite ase
|ψr〉 = c1 |x1〉A |u1〉B + c2 |x2〉A |u2〉B +
∑
i 6=1,2
cij |xi〉A |xj〉B, (5.24)
where |u1〉 and |u2〉 are pure states for system B. If we assume no generalised S-sopi
superposition, then ρ an be written without ontribution from a state of form (5.24)
and we an write ρ as (5.10). The onstraint (5.10) implies P (p˜) =
∑
I=R,L ℘IPI(p˜)
where PR|L(p˜) is the probability distribution of p˜ for state ρR/L. Thus (5.12) also holds
for p˜ replaing p, as do all the results (5.14)-(5.16) involving the varianes of x. Also,
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(5.12) holds for ∆2infp
A
(see Appendix B). Thus we prove Theorem 2 by following
(5.12)-(5.17). 
In order to violate the inequality (5.23), we would look to minimise∆2infp
A
, or∆2inf,Lp
A =
∆2p˜. For the optimal EPR states, PA + PB has zero variane, and one would hoose
for p˜ the ase of g = −1, so that p˜ = pA + pB, where pB is the result of measurement
of PB at B. This ase gives ∆2infp
A = 0. More generally for quantum states that are
not the ideal ase of EPR, our hoie of p˜ beomes so as to optimise the violation of
(5.23) and will depend on the quantum state onsidered. This will be explained further
in Setion 5.8.
A seond approah is to use as the marosopi measurement a linear ombination of
observables from both systems A and B, so for example we might have xˆ = (XA +
XB)/
√
2 and pˆ = (PA + PB)/
√
2. Relevant unertainty relations inlude (based on
|[XA, PA]| = 2 whih gives ∆xA∆pA ≥ 1)
∆(xA + xB)∆(pA + pB) ≥ 2 (5.25)
and
∆2(xA + xB) + ∆2(pA + pB) ≥ 4. (5.26)
and from these we an derive riteria for generalised S-sopi oherene and superposi-
tions.
Theorem 3: The following inequalities if violated will imply existene of generalised
S-sopi superpositions.
(
∆2ave(
xA + xB√
2
) + ℘0δ
)
∆2(
pA + pB√
2
) ≥ 1 (5.27)
and
∆2ave(
xA + xB√
2
) + ∆2(
pA + pB√
2
) ≥ 2− ℘0δ. (5.28)
We write in terms of the normalised quadratures so that, following (5.25), ∆2(x
A+xB√
2
) <
1 would imply squeezing of the variane below the quantum noise level. The quantities
∆2avex, ℘0 and δ are dened as for Theorem 1, but we note that P (x) in this ase is the
distribution for xˆ = (XA + XB)/
√
2. S now refers to the size of the superposition of
(XA +XB)/
√
2.
Proof: In this ase the ρR/L of (5.10) are dened as speied originally in (5.10)
but where x is now dened as the outome of the measurement xˆ = (XA + XB)/
√
2.
The failure of the form (5.10) for ρ is equivalent to the existene of a generalised
superposition of type (5.24) where now |xi〉 refers to eigenstates of XA+XB. Thus the
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eigenstates |xi〉 are of the general form |xi〉 =
∑
xj
cj |xj〉A|xi−xj〉B. The mixture (5.10)
implies (5.12) where now p refers to the outome of pˆ = (PA + PB)
√
2, and will imply
a similar inequality for xˆ. Appliation of unertainty relation (5.25) for the produts
an be used in (5.13), and the proof of (5.27) follows as in (5.12)-(5.17) of Theorem 1.
The seond result follows by applying the proedure for proof of (5.18) but using the
sum unertainty relation (5.26). 
5.6 Signatures of non-loatable generalised S-sopi
superpositions
A seond set of riteria will be developed to demonstrate that a generalised S-sopi
superposition exists, so that two states omprising the superposition predit respetive
outomes separated by at least size S, but in this ase there is the disadvantage that
no information is obtained regarding the regions in whih these outomes lie.
This lak of information is ompensated by a far simpler form of the inequalities and
inreased sensitivity of the riteria. For pure states, a measurement of squeezing ∆p
implies a state that when written in terms of the eigenstates of x is a superposition
suh that ∆x ≥ 1/∆p. With inreasing squeezing, the extent S of the superposition
inreases. To develop a simple relationship between S and ∆p for mixtures, we assume
that there is no suh generalised oherene between any outomes of xˆ separated by a
distane larger than S. This approah gives a simple onnetion between the minimum
size of a superposition desribing the system and the degree of squeezing that is mea-
sured for this system. The drawbak is the loss of diret information about the loation
(in phase spae for example) of the superposition. We thus refer to these superpositions
as "non-loatable".
5.6.1 Single systems
We onsider the outome domain of a marosopi observable xˆ as illustrated in Fig.
3, and address the question of whether this distribution ould be predited from miro-
sopi, or s-sopi (s < S), superpositions of eigenstates of xˆ alone.
The assumption of no generalised S-sopi oherene (between any two outomes of the
domain for xˆ) or, equivalently, the assumption of no generalised S-sopi superpositions,
with respet to eigenstates of xˆ, means that the state an be written in the form
ρS =
∑
i
℘iρSi, (5.29)
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Figure 5.3: We onsider an arbitrary probability distribution for a measurement xˆ that
gives a marosopi range of outomes.
Here eah ρSi is the density operator for a pure quantum state that is not suh a
generalised S-sopi superposition, so that ρSi has a range of possible outomes for xˆ
separated by less than S. Hene ρSi = |ψSi〉〈ψSi| where
|ψSi〉 =
∑
k
ck|xk〉 (5.30)
but the maximum separation of any two states |xk〉,|xk′〉 involved in the superposition
(that is with ck, ck′ 6= 0 ) is less than S, so |xk − xk′| < S.
Assumption (5.29) will imply a onstraint on the measurable statistis, namely that
there is a minimum level of unertainty in the predition for the omplementary ob-
servable pˆ. The varianes of eah ρSi must be bounded by
∆2Six <
S2
4
. (5.31)
It is also true that
∆2p ≥
∑
i
℘i∆
2
Sip. (5.32)
Now the Heisenberg unertainty relation applies to eah ρSi (the inequality also applies
to the MUT's disussed in Setion 5.4) so for the inompatible observables xˆ and pˆ
∆2Six∆
2
Sip ≥ 1. (5.33)
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Thus a lower bound on the variane of p follows.
∆2p ≥
∑
i
℘i∆
2
Sip (5.34)
≥
∑
i
℘i
1
∆2Six
>
4
S2
.
We thus arrive at the following theorem.
Theorem 4: The assumption of no generalised S-sopi oherene in xˆ will imply the
following inequality for the variane of outomes of the omplementary observable pˆ:
∆p >
2
S
. (5.35)
The main result of this setion follows from Theorem 4 and is that the observation of
a squeezing ∆p in pˆ suh that
∆p ≤ 2/S (5.36)
will imply the existene of an S-sopi superposition
cx|x〉+ cx+S|x+ S〉+ ...... (5.37)
namely, of a superposition of eigenstates |x〉 of xˆ, that give preditions for xˆ with a range
of at least S. The parameter S gives a minimum extent of quantum indeterminay with
respet to the observable xˆ. Here cx and cx+S represent non-zero probability amplitudes.
In fat, using our riterion (5.36) squeezing in p (∆p < 1) will rule out any expansion of
the system density operator in terms of superpositions of |x〉 with S ≤ 2 (Fig. 4). Thus
onset of squeezing is evidene of the onset of quantum superpositions of size S > 2, the
size S = 2 orresponding to the vauum noise level. This noise level may be taken as a
level of referene in determining the relative size of the superposition. The experimental
observation [SYK
+
06℄ of squeezing levels of ∆p ≈ 0.4 onrms superpositions of size at
least S = 5.
5.6.2 Bipartite systems
For omposite systems omprised of two subsystems A and B upon whih measurements
XA, PA, XB, PB an be performed, the approah of the previous setion leads to the
following theorem.
Theorem 5a. The assumption of no generalised S-sopi oherene with respet to
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XA implies
∆infp
A >
2
S
. (5.38)
∆2infp
A
is dened as in (5.21). The result also holds on replaing ∆2infp
A
with ∆2inf,Lp
A
as dened in (5.20).
Theorem 5b. The assumption of no generalised S-sopi oherene with respet to
xˆ = (XA +XB)/
√
2 implies
∆(
pA + pB√
2
) >
2
S
. (5.39)
Proof: The proof follows as for Theorem 4, but using the unertainty relations (5.20)
and (5.25) in (5.34) instead of (5.33). 
The observation of squeezing suh that (5.38) is violated, i.e
∆infp
A ≤ 2/S (5.40)
will imply the existene of an S-sopi superposition
cx|x〉A|u1〉B + cx+S|x+ S〉A|u2〉B + ...... (5.41)
namely, of a superposition of eigenstates |x〉A that give preditions for XA separated by
at least S. Similarly, the observation of two-mode squeezing suh that (5.39) is violated,
i.e.
∆(
pA + pB√
2
) ≤ 2/S, (5.42)
will imply existene of an S-sopi superposition of eigenstates of the normalised posi-
tion sum (XA +XB)/
√
2.
5.7 Criteria for generalised S-sopi oherent state su-
perpositions
The riteria developed in the previous setion may be used to rule out that a system
is desribable as a mixture of oherent states, or ertain superpositions of them. If a
system an be represented as a mixture of oherent states |α〉 the density operator for
the quantum state will be expressible as
ρ =
∫
P (α)|α〉〈α|d2α (5.43)
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Figure 5.4: P(x) for a oherent state |α〉: ∆x = ∆p = 1.
whih is, sine P (α) is positive for a mixture, the Glauber-Sudarshan P-representation
[Gla63, Sud63℄. The quadratures xˆ and pˆ are dened as x = a+ a† and p = (a− a†)/i,
so that ∆x = ∆p = 1 for this minimum unertainty state, where here a, a† are the
standard boson reation and annihilation operators, so that a|α〉 = α|α〉. Proving
failure of mixtures of these oherent states would be a rst requirement in a searh for
marosopi superpositions, sine suh mixtures expand the system density operator in
terms of states with equal yet minimum unertainty in eah of x and p, that therefore
do not allow signiant marosopi superpositions in either.
The oherent states form a basis for the Hilbert spae of suh bosoni elds, and any
quantum density operator an thus be expanded as a mixture of oherent states or
their superpositions. It is known [Wal83℄ that systems exhibiting squeezing (∆p < 1)
annot be represented by a positive Glauber-Sudarshan representation, and hene onset
of squeezing implies the existene of some superposition of oherent states. A next step
is to rule out mixtures of sα-sopi superpositions of oherent states . To dene what
we mean by this, we onsider superpositions
|ψsα〉 =
∑
i
ci|αi〉 (5.44)
where for any |αi〉, |αj〉 suh that ci, cj 6= 0, we have |αi − αj | ≤ sα for all i, j (sα
is a positive number). We note that for a oherent state |α〉, 〈x〉 = 2α. Thus the
separation of the states with respet to xˆ is dened as Sα = 2sα. The separation of
the two oherent states | − α〉 and |α〉 (where α is real) in terms of x orresponds to
Sα = 4α = 2sα, as illustrated in Fig. 5.5.
We next ask whether the density operator for the system an be desribed in terms of
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Figure 5.5: (a) P(x) for a superposition of oherent states (1/
√
2){eipi/4|−α〉+e−ipi/4|α〉}
(here the sale is suh that ∆x = 1 for the oherent state |α〉).
the sα-sopi oherent superpositions, so that
ρ =
∑
r
℘r|ψrsα〉〈ψrsα|, (5.45)
where eah |ψrsα〉 is of the form (5.44). Eah |ψrsα〉 predits a variane in x whih has
an upper limit given by that of the superposition (1/
√
2){eipi/4|−sα/2〉+ e−ipi/4|sα/2〉}.
This state predits a probability distribution P (x) = 1
2
∑
± PG±(x) where
PG±(x) =
1√
2π
exp[
−(x−±sα)2
2
] (5.46)
(Fig. 5.5), whih orresponds to a variane ∆2x = 〈x2〉 = 1 + s2α = 1 + S2α/4. This
means eah |ψrsα〉 is onstrained to allow only ∆2x ≤ 1+s2α, whih implies for eah |ψs,r〉
a lower bound on the variane ∆2p so that ∆2p ≥ 1/∆2x ≥ 1/(1 + s2α). Thus using the
result for a mixture (5.45), we get that if indeed (5.45) an desribe the system, the
variane in p is onstrained to satisfy ∆2p ≥ 1/(1 + s2α).
Thus observation of squeezing ∆2p < 1, so that the inequality
∆2p < 1/(1 + s2α) (5.47)
is violated, will allow dedution of superpositions of oherent states with separation at
least sα. This separation orresponds to a separation of Sα = 2sα in x between the
two orresponding Gaussian distributions (Fig. 5.5), on the sale where ∆2x = 1 is the
variane predited by eah oherent state.
We note that measured values of squeezing ∆p ≈ 0.4 [SYK+06℄ would imply sα & 2.2.
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This onrms the existene of a superposition of type
|ψS〉 =
∑
i
ci|αi〉 = c−| − α0〉+ ...+ c+|α0〉 (5.48)
where a separation of at least sα = |αi − αj| = 2.2 ours between two oherent states
omprising the superposition, so that we may write α0 = 1.1. Note we have dened
referene axes in phase spae seleted so that the x-axis is the line onneting the
two most separated states |αi〉and |αj〉so that |αi − αj | = 2α0 and the p-axis uts
bisets this line. The (5.48) an be ompared with experimental reports [OTBLG06℄ of
generation of extreme oherent superpositions of type (1/
√
2){eipi/4|−α0〉+ e−ipi/4|α0〉}
where |α0|2 = 0.79, implying α0 = 0.89. The orresponding generalised sα−sopi
superposition (5.48) as onrmed by the squeezing measurement involves at least the
two extreme states with |α0|2 = 1.2, but ould inlude other oherent states with
|α0| < 1.1.
5.8 Preditions of partiular quantum states
We will now onsider experimental tests of the inequalities derived above. An important
point is that the riteria presented are suient to prove the existene of generalised
marosopi superpositions, but there are many marosopi superpositions whih do
not satisfy the above riteria. Nevertheless there are some systems of urrent experi-
mental interest whih do allow for violation of the inequalities. We analyse suh ases
below, noting that the violation would be predited without the experimenter needing
to make assumptions about the partiular state involved.
5.8.1 Coherent states
The wave funtion for the oherent state |α〉 is
〈x|α〉 = 1
(2π)
1
4
exp{−x
2
4
+ αx− |α|2}. (5.49)
This gives the expansion in the ontinuous basis set |x〉, the eigenstates of xˆ. Thus for
the oherent state
|α〉 =
∑
x
cx|x〉 =
∫
〈x|α〉|x〉dx. (5.50)
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Figure 5.6: Plot of 〈x|ρ|x′〉 for a oherent state |α〉.
The probability distribution for xˆ is the Gaussian (Fig. 5.4)
P (x) = |〈x|α〉|2 = 1
(2π)
1
2
exp{−(x− 2α)
2
2
}, (5.51)
(we take α to be real) entred at 2α and with variane ∆2x = 1
The oherent state possesses nonzero o-diagonal elements 〈x|ρ|x′〉 where |x−x′| is large
and thus stritly speaking an be regarded as a generalised marosopi superposition.
However, as x and x′ deviate from 2α, the matrix elements deay rapidly, and the
o-diagonal elements deay rapidly with inreasing separation.
〈x|ρ|x′〉 = 1
(2π)
1
2
exp{−(x− 2α)
2
4
+
−(x′ − 2α)2
4
} (5.52)
In eet then, the o-diagonal elements beome zero for signiant separations |x −
x′| ≥ 1 (Fig.5.6). We an expet that the detetion of the marosopi aspets of this
superposition will be diult. Sine ∆p = 1, it follows that we an use the riterion
(5.35) to prove oherene between outomes of x separated by at most S = 2 (Fig. 5.4),
whih orresponds to the separation S = 2∆x.
5.8.2 Superpositions of oherent states
The superposition of two oherent states [WM85, YS86℄
|ψ〉 = (1/
√
2){eipi/4| − α〉+ e−ipi/4|α〉}, (5.53)
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Figure 5.7: Plot of 〈x|ρ|x′〉 for the superposition state (5.53).
where α is real and large is an example of a marosopi superposition state. The wave
funtion in the position basis is
〈x|ψ〉 = −ie
ipi/4e[−x
2/4−α20]√
2(2π)
1
4
{eαx + ie−αx}.
We onsider the two omplementary observables xˆ and pˆ, and note that the probability
distribution P (x) for xˆ displays two Gaussian peaks entred on x = ±2α (Fig. 5.5):
P (x) = 1
2
∑
± PG±(x) where PG±(x) = exp[−(x−±2α)2/2]/
√
2π. Eah Gaussian has
variane ∆2x = 1.
The marosopi nature of the superposition is reeted in the signiant magnitude
of the o-diagonal elements 〈x|ρ|x′〉 where x = ±2α and x′ = ∓2α, orresponding to
|x− x′| = 4α. In fat
|〈x|ρ|x′〉| = e
−(x2+x′2)
4
−2α20√
2π
√
cosh(2αx) cosh(2αx′), (5.54)
as is plotted in Fig. 5.7 and whih for these values of x and x′ beomes (1−e
−8α2 )
2(2pi)
1
2
. With
signiant o-diagonal elements onneting marosopially dierent values of x, this
superposition is a good example of a generalised marosopi superposition (5.7).
Nonetheless we show that the simple linear riteria (5.35) and (5.17) derived from (B.1)
are not suiently sensitive to detet the extent of the marosopi oherene of this
superposition state (5.53), even though the state (5.53) annot be written in the form
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Figure 5.8: (a) P(p) for a superposition (5.53) of two oherent states where α = 2.5
and (b) the redued variane ∆2p < 1, versus α.
(5.10). We point out that it may be possible to derive further nonlinear onstraints
from (5.10) to arrive at more sensitive riteria.
To investigate what an be inferred from riteria (5.35), we note that xˆ is the maro-
sopi observable. The omplementary observable pˆ has distribution P (p) = exp [−p2/2](1+
sin 2αp)/
√
2π whih exhibits fringes and has variane ∆2p = 1 − 4α2 exp [−4α2] (Fig.
5.8). There is a maximum squeezing of ∆2p ≈ 0.63 at α = 0.5. However, the squeezing
diminishes as α inreases, so the riterion beomes less eetive as the separation of
states of the marosopi superposition inreases. The maximum separation S that
ould be onlusively inferred from this riterion is S ≈ 2.5 at α = 0.5.
As disussed in Setion 5.7, the detetion of squeezing in p is enough to onrm the
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system is not that of the mixture
ρ = 1/2(|α〉〈α|+ | − α〉〈−α|) (5.55)
of the two oherent states. In fat, the squeezing rules out that the system is any
mixture of oherent states. We note though that sine the degree of squeezing ∆p is
small, our riteria is not sensitive enough to rule out superpositions of marosopially
separated oherent states.
5.8.3 Squeezed states
Consider the single-mode momentum squeezed state[Yue76℄
|ψ〉 = er(a2−a†2) |0〉 . (5.56)
Here |0〉 is the vauum state. For large values of r these states are generalised maro-
sopi superpositions of the ontinuous set of eigenstates |x〉 of xˆ = a + a†, with wave
funtion
〈x|ψ〉 = 1
(2πσ)
1
4
exp{−x
2
4σ
}, (5.57)
and assoiated Gaussian probability distribution
P (x) =
1
(2πσ)
1
2
exp{−x
2
2σ
}. (5.58)
The variane is σ = e2r. As the squeeze parameter r inreases, the probability distribu-
tion expands, so that eventually with large enough r, x an be regarded as a marosopi
observable. This behaviour is shown in Fig. 5.9. The distribution for p is also Gaussian
but is squeezed, meaning that it has redued variane: ∆2p < 1. In fat, the (5.56) is
a minimum unertainty state, with ∆2p = 1/σ = e−2r. Where squeezing is signiant,
the o-diagonal elements 〈x|ρ|x′〉 = 〈x|ψ〉〈ψ|x′〉 (where |x− x′| is large) are signiant
over a large range of x values (Fig. 5.9).
The riterion (5.17) for the binned outomes is violated for the ideal squeezed state
(5.56) for values of S up to 0.5
√
σ. The riterion an thus onrm marosopi super-
positions of states with separation of up to half the standard deviation of the probability
distribution of x, even as ∆x → ∞. This behaviour has been reported in [CR06℄ and
is shown in Fig. 5.10.
Squeezed systems that are generated experimentally will not be desribable as the pure
squeezed state (5.56). This pure state is a minimum unertainty state with ∆x∆p = 1.
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Figure 5.9: (a) Probability distribution for a measurement X for a momentum-squeezed
state. The variane ∆2x inreases with squeezing in p, to give a marosopi range of
outomes, and for the minimum unertainty state (5.56) satises ∆x∆p = 1. (b)
The 〈x|ρ|x′〉 for a squeezed state (5.56) with r = 13.4 (∆x = 3.67) whih predits
〈a†a〉 = 2.52.
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Figure 5.10: Detetion of underlying superpositions of size S for the squeezed minimum
unertainty state (5.56) by violation of (5.17) (dashed line of (b)) and (5.35) (full line
of (b)). Smax is the maximum S for whih the inequalities are violated. Inset of (b)
shows behaviour of violation of (5.17) for general Gaussian-squeezed states. Inequality
(5.35) depends only on ∆p. The size of Smax relative to P (x) is illustrated in (a).
94 Generalised Marosopi Superpositions
Typially experimental data will generate Gaussian probability distributions for both
x and p and with squeezing ∆p < 1 in p, but typially ∆x∆p > 1. The maximum
value of S that an be proved in this ase of the Gaussian states redues to 0 as ∆x∆p
(or ∆x∆infp) inreases to ∼ 1.6. This is shown in Fig. 5.10. Analysis of reent
experimental data for impure states that allows a violation of (5.17) has been reported
by Marquardt et al [MAL
+
07℄.
The riterion (5.35), as given by Theorem 4, is better able to detet the superpositions
(Fig. 5.10), partiularly where the unertainty produt gives ∆x∆p > 1, though in this
ase the superpositions are non-loatable in phase spae, so that we annot onlude
an outome domain for the states involved in the superposition. This riterion depends
only on the squeezing ∆p in the one quadrature and is not sensitive to the produt
∆x∆p. For ideal squeezed states with variane ∆2x = σ, one an prove a superposition
of size S = 2
√
σ, four times that obtained from (5.17) (Fig. 5.10).
Experimental reports [SYK
+
06℄ of squeezing of orders ∆p ≈ 0.4 onrms superpositions
of size at least S = 5, whih is 2.5 times that dened by S = 2, whih orresponds to
two standard deviations of the oherent state, for whih ∆x = 1 (Fig. 5.4).
5.8.4 Two-mode squeezed states
Next we onsider the two- mode squeezed state [CS85℄
er(ab−a
†b†)|0〉|0〉. (5.59)
Here a, b are boson annihilation operators for modes A and B respetively. The wave
funtion 〈x|ψ〉 and distribution P (x) are as in (5.57) and (5.58), but the variane in
xˆ = XA is now given by σ = cosh 2r. The xˆ = XA is thus a marosopi observable.
In the two-mode ase, the squeezing is in a linear ombination PA+PB of the momenta
PA and PB at A and B, rather than in the momentum pˆ = PA for A itself. The
observable that is omplementary to XA is of form P˜ = PA − gPB where g is a
onstant, whih is (5.19) of Setion 5.5. We an selet to evaluate one of the riteria
(5.23), (5.38) or (5.39).
Choosing as our marosopi observable XA and our omplementary one PA − gPB,
we alulate
∆2infp
A = 1/σ = 1/cosh2r (5.60)
for the hoie g =
〈
PAPB
〉
/
〈
(PB)2
〉
= −tanhr whih minimises ∆2infpA [Rei89℄. The
appliation of results to riterion (5.23) gives the result as in Fig. 5.10, to indiate
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detetion of superpositions of size S where S = 0.5
√
σ for the ideal squeezed state
(5.59), and the result shown in the inset of Fig. 5.9 if ∆xA∆infp
A > 1.
The predition for the riterion of Theorem 3, to detet superpositions in the position
sum XA +XB by measurement of a narrowed variane in the momenta sum PA+ PB,
is also given by the results of Fig. 5.10. Calulation for the ideal state (5.59) predits
∆2(p
A+pB√
2
) = e−2r and ∆2(x
A+xB√
2
) = e+2r whih orresponds to that of the single-mode
squeezed state. The predition for the maximum value of S of Theorem 3 is therefore
given by the dashed urves of Fig. 5.10, and the inset.
A better result is given by (5.38), if we are not onerned with the loation of the
superposition. Where we use (5.38), the degree of redution in ∆2infp
A
determines the
size of superposition S that may be inferred. By Theorem 5, measurement of ∆infp
A
allows inferene of superpositions of eigenstates of XA separated by at least
S = 2/∆infp
A. (5.61)
Realisti states are not likely to be pure squeezed states as given by (5.59). Nonetheless
the degree of squeezing indiates a size of superposition in XA, as given by Theorem
5. Experimental values of ∆2infp
A ≈ 0.76 have been reported [BSLR03℄, to give on-
rmation of superpositions of size S ≈ 2.3, whih is 1.1 times the level of S = 2 that
orresponds to two standard deviations ∆xA = 1 of the vauum state (Fig. 5.4).
More frequently, it is the pratie to measure squeezing in the diret sum PA + PB
of momenta. The marosopi observable is the position sum XA + XB. The reports
of measured experimental values indiate [LCK
+
05℄ ∆2(p
A+pB√
2
) ≈ 0.4, whih aording
to Theorem 5 implies superpositions in (XA + XB)/
√
2 of size S ≈ 3.2, of order 1.6
times the standard vauum state level . The slightly better experimental result for
the superpositions in the position sum may be understood sine it has been shown by
Bowen et al. [BSLR03℄ that, for the Gaussian squeezed states, the measurement of
∆2infp
A
is more sensitive to loss than that of ∆2(pA+pB). The ∆infp
A
is an asymmetri
measure that enables demonstration of the EPR paradox [Rei89, Rei03℄, a strong form
of quantum nonloality [RDB
+
, WJD07℄.
5.9 Conluding remarks
In this hapter we have derived riteria suient to detet generalised marosopi
(or S-sopi) superpositions (
∑k2
k1
ck|xk〉) of eigenstates of an observable xˆ. For these
superpositions, the important quantity is the value S of the extent of the superposition,
whih is the range in predition of the observable (S is the maximum of |xj −xi| where
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cj, ci 6= 0). This quantity gives the extent of indeterminay in the quantum predition
for xˆ. In this sense, there is a ontrast with the prototype marosopi superposition (
of type c2|x2〉 + c1|x1〉) that relates diretly to the essay of Shrödinger [Sh35℄. Suh
a prototype superposition ontains only the two states that have separation S in their
outomes for x. Nonetheless, we have disussed how the generalised superposition is
relevant to testing the ideas of Shrödinger, in that suh marosopi superpositions
are shown to be inonsistent with the hypothesis of a quantum system being in at most
one of two marosopially separated states.
We have also dened the onept of a generalised S-sopi oherene and the lass of
Minimum Unertainty Theories without diret referene to quantum mehanis. The
former is introdued in Setion 5.2 as the assumption (5.3) and is assoiated to the
failure of a generalised assumption of marosopi reality. This assumption is that the
system is in at most one of two marosopially distinguishable states, but that these
underlying states are not speied to be quantum states. The assumption of Minimum
Unertainty Theories is that these omponent states do at least satisfy the quantum
unertainty relations. In the derivation of the riteria of this hapter, only two assump-
tions are made: that the system does satisfy this generalised marosopi (S-sopi)
reality and that the theory is a Minimum Unertainty Theory. These assumptions
lead to inequalities, whih, when violated, generate evidene that at least one of the
assumptions must be inorret.
We point out that if, in the event of violation of the inequalities, we opt to onlude
the failure of the Minimum Unertainty Theory assumption, then this does not imply
quantum mehanis to be inorret, but rather that it is inomplete, in the sense that
the omponent states an themselves not be quantum states. It an be said then that
violation of the inequalities of this hapter implies at least one of the assumptions of
generalised marosopi (S-sopi) reality and the ompleteness of quantum mehanis
is inorret.
There is a similarity with the Einstein-Podolsky-Rosen argument [EPR35℄. In the
EPR argument, the assumption of a form of realism (loal realism) is shown to be
inonsistent with the ompleteness of quantum mehanis. Therefore, as a onlusion
of that argument, one is left to onlude that at least one of loal realism and the
ompleteness of QM is inorret [Rei03, Wis06, RDB
+
℄. EPR opted for the rst and
took their argument as a demonstration that quantum mehanis was inomplete. Only
after Bell [Bel64℄ was it shown that this was an inorret hoie. Here, as in the EPR
argument, the assumption of a form of realism (marosopi (S-sopi) realism) an
only be made onsistent with the preditions of quantum mehanis if one allows a
kind of theory in whih the underlying states are not restrited by the unertainty
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relations [CR06℄.
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Chapter 6
Conlusion
As mentioned in the Introdution, the objetive of this thesis was to ontribute to the
area or researh termed experimental metaphysis. Our modest ontribution was in
formalising old onepts, proposing new ones, and nding new results in well-studied
areas. We have also proposed experiments to test eah of the major results. It is
experimental metaphysis, after all.
In Chapter 2 we set up the appropriate terminology and the basi onepts. Most of
it were simply areful denitions of standard onepts, but some denitions were new
and some results and onsequenes may not have been fully appreiated before.
In Chapter 3 we analysed the original argument of Einstein, Podolsky and Rosen (EPR)
[EPR35℄, and proposed a general mathematial form for the assumptions behind that
argument, namely those of loal ausality and ompleteness of quantum theory. That
entailed what was termed a Loal Hidden State model by Wiseman et al. [WJD07℄,
whih was proposed as a formalisation of the onept of steering rst introdued by
Shrödinger [Sh35℄ in a reply to the EPR paper. Violation of any onsequenes that
an be derived from the assumption of that model therefore implies a demonstration of
the EPR paradox. We have re-derived the well-known EPR-Reid riterion [Rei89℄ for
ontinuous-variables orrelations, and derived new ones appliable to the spin setting
onsidered by Bohm [Boh51℄.
The spin set-up of the EPR-Bohm paradox was used by Bell [Bel64℄ to derive his now
famous theorem demonstrating the inompatibility of the assumption of loal ausality
and the preditions of quantum mehanis. The inequalities whih bear his name an
be derived for any number of disrete outomes, but so far there has been no derivation
whih an be diretly applied to the ontinuous-variables ase of the original EPR
paradox. In Chapter 4 we losed the irle by deriving a lass of inequalities whih make
no expliit mention about the number of outomes of the experiments involved, and
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an therefore be used in ontinuous-variables measurements with no need for binning
the ontinuous results into disrete ones. Apart from that intrinsi interest, these
inequalities ould prove important as a means to perform an unambiguous test of Bell
inequalities whih does not suer from the logial loopholes that plague all experimental
demonstrations so far, sine optial homodyne detetion an be performed with high
detetion eieny. The tehnique, whih is based on a simple variane inequality, was
also used to re-derive a large lass of well-known Bell-type inequalities and at the same
time nd their quantum bound, making expliit from a formal point of view that the
non-ommutativity of the loal operators is at the heart of the quantum violations.
Finally, in Chapter 5 we addressed the issue of marosopi superpositions originally
sparked by the infamous "at paradox" of Shrödinger [Sh35℄, presented in the same
seminal paper where he oined the terms entanglement and steering. We onsidered
marosopi, mesosopi and `S -sopi' quantum superpositions of eigenstates of an
observable, and developed some signatures for their existene. We dened the extent,
or size S of a (pure-state) superposition, with respet to an observable X, as being
the maximum dierene in the outomes of X predited by that superposition. Suh
superpositions were referred to as generalised S -sopi superpositions to distinguish
them from the extreme superpositions that superpose only the two states that have a
dierene S in their predition for the observable. We also onsidered generalised S -
sopi superpositions of oherent states. We explored the onstraints that are plaed on
the statistis if we suppose a system to be desribed by mixtures of superpositions that
are restrited in size. In this way we arrived at experimental riteria that are suient to
dedue the existene of a generalised S -sopi superposition. The signatures developed
are useful where one is able to demonstrate a degree of squeezing.
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Appendix A
Proof of Theorem A of Chapter 5
We will now prove the statement that oherene between x1 and x2 is equivalent to a
nonzero o-diagonal element 〈x1|ρ|x2〉 in the density matrix. As disussed in setion 5.2,
within quantum mehanis the statement that there exists oherene between x1 and
x2 is equivalent to the statement that there is no deomposition of the density matrix of
form (5.2) where ρ1 and ρ2 are density matries suh that 〈x1|ρ2|x1〉 = 〈x2|ρ1|x2〉 = 0.
Therefore Theorem A an be reformulated as saying that 〈x1|ρ|x2〉 = 0 i suh a
deomposition does exist.
It's easy to prove the rst diretion of the equivalene: if ∃{℘1, ℘2, ρ1, ρ2} suh that
ρ = ℘1ρ1 + ℘2ρ2 and 〈x1|ρ2|x1〉 = 〈x2|ρ1|x2〉 = 0, then 〈x1|ρ|x2〉 = 0. To show this,
rst note that for any density matrix ρ¯ and ∀ {x, x′}, if 〈x|ρ¯|x〉 = 0 then 〈x|ρ¯|x′〉 = 0,
where 〈x|x′〉 = δx,x′. Sine by assumption 〈x1|ρ2|x1〉 = 〈x2|ρ1|x2〉 = 0, then 〈x1|ρ|x2〉 =∑
i ℘i〈x1|ρi|x2〉 = 0.
The onverse an also be proved. We use the fats that any ρ an always be written as
the redued density matrix of an enlarged pure state, where the system of interest (all
it A) is entangled with an anilla B, i.e,
ρ = TrB{|Ψ〉AB〈Ψ|AB} (A.1)
and that any bipartite pure state an always be written in the Shmidt deomposition
[EK95℄
|Ψ〉AB =
∑
i
√
ηi|ψi〉|φBi 〉. (A.2)
where {|ψi〉} and {|φBi 〉} are orthonormal and ηi ∈ [0, 1]. The supersript B denotes
the states of the anilla and the absene of a supersript denotes the states of the
system of interest, A. We deompose eah pure state |ψi〉 that appears in the Shmidt
deomposition in the basis of eigenstates of xˆ as |ψi〉 =
∑
k ci,k|xk〉. By assumption
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〈x1|ρ|x2〉 = 0 and therefore
∑
i ηi〈x1|ψi〉〈ψi|x2〉 =
∑
i ηici,1c
∗
i,2 = 0. We an expand
|ΨAB〉 as
|ΨAB〉 = |x1〉|1˜B〉+ |x2〉|2˜B〉+
∑
k>2, i
√
ηici,k|xk〉|φBi 〉, (A.3)
where we dene the (unnormalized) |1˜B〉 ≡
∑
i
√
ηici,1|φBi 〉 and |2˜B〉 ≡
∑
i
√
ηici,2|φBi 〉.
The inner produt of these two vetors is 〈1˜B|2˜B〉 =
∑
i ηici,1c
∗
i,2. But as shown above∑
i ηici,1c
∗
i,2 = 0, so |1˜B〉 and |2˜B〉 are orthogonal. We an therefore dene an orthonor-
mal basis with the (normalized) |1B〉 = |1˜B〉/
√∑
i ηi|ci,1|2 and |2B〉 = |2˜B〉/
√∑
i ηi|ci,2|2,
plus additional |jB〉with 3 ≤ j ≤ D, where D is the dimension of subsystem B's Hilbert
spae. Taking the trae of ρAB = |ΨAB〉〈ΨAB| therefore yields
ρ = TrB{ρAB}
= 〈1B| ρAB |1B〉+ 〈2B| ρAB |2B〉
+
∑
j>2
〈jB| ρAB |jB〉 . (A.4)
Now referring to expansion (A.3), we see that 〈1B|ρAB|1B〉 =
∑
i ηi|ci,1|2|x1〉〈x1| and
〈2B|ρAB|2B〉 =
∑
i ηi|ci,2|2|x2〉〈x2|. We then dene ρ1 ≡ |x1〉〈x1|, ℘1 ≡
∑
i ηi|ci,1|2, ℘2 =
1− ℘1 and ρ2 ≡ 1℘2{
∑
i ηi|ci,2|2|x2〉〈x2|+
∑
j>2〈jB|ρAB|jB〉}. Obviously 〈x2|ρ1|x2〉 = 0,
and by substituting (A.3) into ρ2 we see that 〈x1|ρ2|x1〉 = 0. Therefore ρ an be
deomposed as ρ = ℘1ρ1 + ℘2ρ2 with 〈x1|ρ2|x1〉 = 〈x2|ρ1|x2〉 = 0 as desired.
Appendix B
Proof of Theorem 2 of Chapter 5
We wish to prove that if ρ an be written as
ρ = ℘LρL + ℘RρR, (B.1)
then
∆2infp
A ≥ ℘L∆2inf,LpA + ℘R∆2inf,RpA (B.2)
where
∆2inf,Jp
A =
∑
pB
PJ(p
B)∆2J(p
A|pB).
The subsript J refers to the ρJ from whih the probabilities are alulated.
We have
∆2infp
A =
∑
pB
P (pB)∆2(pA|pB)
=
∑
pB
∑
pA
P (pA, pB)(pA − 〈pA|pB〉)2
=
∑
pB
∑
pA
∑
I=R,L
℘IPI(p
A, pB)(pA − 〈pA|pB〉)2
≥
∑
pB
∑
pA
∑
I=R,L
℘IPI(p
A, pB)(pA − 〈pA|pB〉I)2
The inequality follows beause 〈pA|pB〉 is the mean of P (pA|pB) for the ρ of (B.1), and
the hoie a =
∑
p P (p)p = 〈p〉 will minimise
∑
p P (p)(p − a)2. From this the desired
result follows.
115
